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Abstract: A new approach to the transformation of solutions of optimal control problems is
presented. It utilizes the approximation of differential equations for the dual variables, the
transformation of continuous time equations to their discrete analogues, the relaxation of
complementary slackness conditions. The proposed approach is tested on the Russian
banking system model, which is derived as a solution of a linear nonautonomous optimization
problem with mixed constraints. It is shown that the use of this method regularizes the model
in a sense it becomes applicable for the forecasting of the main Russian banking indicators
(the accuracy of forecasts is comparable with advanced econometric models) and the policy
analysis. The stability of model parameters with respect to the change of the estimation time
interval and the stability of the model with respect to small disturbances of parameters is
confirmed.
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1. INTRODUCTION AND LITERATURE REVIEW

In this paper, an approach to transforming solutions of optimal behavior problems of
macroeconomic agents that constitute the blocks of general economic equilibrium models
is presented. The features of this approach using the example of the Russian banking
system model are demonstrated, which is intended to be a block of a larger model of the
Russian economy. The essence of this method is a special transformation of some
relationships (complementary slackness conditions) to a more regular ones of the special
form. This allows to find the analytical expressions for all variables of the model, which
greatly simplifies the procedure of parameter estimation.

The presented methodology is substantially different from the approach applied in the
dynamic stochastic general equilibrium (DSGE) framework, which is a mainstream in a
modern macroeconomic modeling nowadays. It is well known fact that dynamic
stochastic general equilibrium (DSGE) models cannot be solved exactly except for the
simplest cases due to their exceptional mathematical complexity. Hence, the
approximation techniques should be used. The most common technique is called the
perturbation method. The key idea is to approximate the model around the so-called
steady state and then find the exact solution of the approximation, see for example [1].
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Hence, the dynamics of the economy is considered as a deviation from its steady state
caused by shocks, which can be interpreted as positive or negative depending on the sign
of their impact.

The steady state is a numeric vector which contains the steady values of all model
variables. It can be calculated after some model transformations, usually the detrending
(if the variables exhibit balanced growth), or the change of variables of the model to their
stationary version. In the practical models the first order approximation is usually used
(see for example [2, 3, 4]), because higher-order approximations of the models with more
than 5-7 equations is prohibitively time-costly during the parameter estimation phase, and
also lead to unreliable estimations (with high standard deviations). Some modifications
of perturbation method were proposed, for example, in [5, 6].

Nevertheless, it is known that linear approximation can perform poorly for the regions
not very close to the steady state. Even worse, linear approximation can lead to wrong
conclusions about the existence and uniqueness of equilibrium, see [7]. For these reasons,
there a growing interest in more advanced quadratic and higher order approximation
techniques, and some advances in this direction have been made, see for example [8, 9].
For this moment, however, the linear approach is still a mainstream due to the issue of
unreliable coefficients described above.

A brief review of the macroeconomic models incorporating banking sector as well as
a review of papers dedicated to the Russian banking system was presented in the
accompanying paper [10]. The summary of this review is that the banking system
gradually becomes an element of DSGE models, but the description of this sector remains
highly stylized due to limitations of the model size described above. The model presented
in this paper describes an agent “bank” with substantially wider set of available controls.
Bank can lend to producers and consumers and can take savings from both. Savings and
loans can be nominated in national currency (Russian rubles) and in a foreign one
(actually in a currency basket containing US dollars and euros). In comparison with the
version of the model presented in the accompanying paper [10], we now model loans of
firms and households introduced as separate variables. We also include one more
restriction on the banking system associated with a capital adequacy ratio.

This work continues our research on the Russian banking sector presented in [11, 12,
13]. The contribution of this article is threefold. First, a new methodology of the
transformation of optimal control problem solution using the turnpike property and
relaxation of complementary slackness conditions is presented. Second, it is shown how
this methodology allows to transform the system of equations of the model and obtain a
complete analytical solution, which is used later on at the stage of estimating the
parameters of the model. Third, a wider set of macroeconomic variables whose
trajectories are successfully replicated by our model is considered.

2. THE MODEL

2.1. Statement of the model

The model of the whole banking system as a single agent is considered. It is transformed
to the usual dynamic model that determines the demand of the banking system for
deposits and the supply of loans depending on the current balance of the bank, as well as
on interest rates and other external market factors. The bank model is considered in
continuous time on the interval [tO,T]. Using the sufficient conditions of the maximum

in the Lagrange form, the analytical solution of the bank problem is obtained. The
subsequent use of the turnpike property and the transition to discrete time allows to use
the technique of relaxation of the complementary slackness conditions. After that, the
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expressions for all endogenous variables of the model are obtained, in the right-hand parts
of which only exogenous variables and previous values of endogenous variables are

included.

The following tables contains the list of the model variables — the money stocks, the flows
associated with it, its durations, interest rates and the model parameters. The relationships
between these variables are assumed to follow equalities and inequalities presented

below.
Table 2.1. The model variables
Variable | Meaning Associated | Duration | Interest
flow rate

Lh(t) Household loans in rubles Kh(t) B () (1)
Sh(t) Household deposits in rubles Vh(t) B () Iy, ()
La(t) Firm loans in rubles Ka(t) . 1) I, (t)
Sa(t) Firm deposits in rubles Va(t) B ([t) r, (t)
vLh(t) | Household loans in foreign currency VKh(t) Bon (1) Fn (1)
vSh(t) | Household deposits in foreign currency vWh(t) B (1) I (t)
vLa(t) | Firm loans in foreign currency vKa(t) Ba(t) Fa (D)
vSa(t) | Firm deposits in foreign currency wa(t) B () I (t)
Sc(t) Deposits of the Central Bank r.(t)
Lc(t) Loans of the Central Bank r.(t)
vSf (t) | Deposits of the foreigners Iy (t)

Balances of settlement accounts

Supply of balances of settlement accounts

Liquid funds in rubles

vA(t) Liquid funds in foreign currency
Re(t)
Z(t) Dividends paid by the bank
OP, (t) Other liabilities
oc, (1)
Table 2.1. The model parameters
Parameter Meaning
W, (t) Dollar to ruble exchange rate

T,

vla

Tsh ' Tsa ' Tlh ' z-Ia 1Tvsh ’ Tvsa ! 2-vsf ! Tvlh '

Parameters of liquidity constraints

n, (t),n, (t)

Parameters of reserve requirement

va(t)

Parameter of capital adequacy constraints

Afﬂigliq(t)

Parameters of utility function
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Consider the bank, which issued household loans nominated in rubles in the amount
of Lh(t) by the time t. The average terms of loans (durations) will be denoted by 1/, (t)
. The variable g, (t) will be referred below as the inverse durations and interpreted as the
average return frequency of household loans in rubles. Then the dynamics of loans is

described by the equation
d
aLh(t): Kh(t)- 2, (t)Lh(t), (2.1)

where

Kh(t) >0 (2.2)
is the flow of newly issued loans. Note that in all the formulas given below, unless
otherwise specified, it is assumed that the relationship is valid for any point in time on
the interval [t,,T]. With respect to loans granted, the bank receives interest payments

r, (t)Lh(t), where 1, (t) is the effective interest rate on household loans in rubles.

Denote the amount of household deposits in rubles the bank attracted by the time t
by Sh(t) . The average terms for which deposits are attracted, will be denoted by 1/, (t)

. The variable g, (t) will be referred below as the inverse durations and interpreted as

the average frequency of the return of deposits. Then the dynamics of household deposits
in rubles is described by equations
%Sh(t):Vh(t)— B. (t)Sh(t), (2.3)
where
Vh(t)>0 (2.4)
is the flow of newly attracted deposits. The bank pays interest on borrowed funds
r, (t)Sh(t), where r,, (t) is the effective interest rate on household deposits in rubles.
Similarly, the bank interacts with firms, giving them loans and attracting deposits
from them in rubles. These processes are described by the equations
%La(t): Ka(t)- A, (t)La(t),%Sa(t):Va(t)—ﬁsa (t)sa(t),  (25)
where Ka(t) >0, Va(t) >0 are the flows of newly issued firm loans in rubles and newly
attracted firm deposits in rubles. Variables g, (t) and g, (t) describe the frequency of

repayment of loans and deposits of firms. Interest payments are made according to the
effective interest rates r,(t) and r(t).

In addition to operations in rubles, the bank conducts operations in foreign currency.
To describe these processes, we duplicate the description of loans and deposits for
individuals and firms given above with the prefix “v” added to each variable, which
indicates that this variable is nominated in dollars. The equations which describe the
currency transactions are as follows:

%th(t) —VKN(t) = B (H)VLA(t) ,VKh(t) =0, (2.6)

%vLa(t) =vKa(t)-f,, (t)vLa(t),vKa(t) =0,

%vSh(t) — Wh(t) £, (t)VSh(t), Wh(t) 20,
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%vSa(t) =wWa(t)- S, (t)vSa(t),wWa(t) > 0. (2.7)

Denote the dollar to ruble exchange rate by w,, (t) Interest payments in dollars are made

at effective interest rates r,, (t) r,(t), r,(t) u r(t).
In addition to deposits, the bank also attracts funds in the form of interest free balances
of settlement accounts N (t) There is no regulating value for the size of these balances,

and the bank should simply focus on the supply from the clients. Therefore, this value is
considered to be bounded exogenously:

N (1) <N, (1),
where N, (t) is the supply of the balances of settlement accounts known to the bank.

Similar logic is used to describe two other external sources of funds: deposits of the
Central Bank, which it invested in the banking system Sc(t) (in rubles) and deposits of

foreign organizations attracted by the bank from abroad vSf (t) (in dollars). The three

variables introduced above N, (t), Sc, (t), VSf, (t), in fact, describe the state of the

other agents of the economy that interact with the bank. Current accounts characterize the
economic activity of households and firms, deposits of the Central Bank describe the
monetary policy pursued by it (the amount of funds invested in the banking system), and
deposits of foreign organizations show the intensity of interaction with the external world.
These variables become especially important when describing the 2014-2015 crisis
phenomena and the external constraints that appeared in the form of various sanctions.
Interest paid on deposits of the Central Bank and foreign organizations are defined by the

rates r(t) and r (t).

The bank also has another channel of interaction with the Central Bank - interest
accounts, which in our terms means loans issued by the bank to the Central Bank. We

denote them by Lc(t) . The bank receives interest payments on this account in rubles at
the rate of r,(t). The only restriction on this variable is the condition of non-negativity
Le(t)=0. (2.8)
For servicing operations related to loans and deposits, the bank uses two types of liquid
funds: the first one nominated in rubles A(t) and the second one nominated in foreign

currency VA(t). It is assumed that their volumes in the balance sheet are proportional to

ruble and foreign currency loans and deposits, respectively. These proportions are defined

by the coefficients z with corresponding indices. These coefficients have a legislative

counterparts. In fact, they are model analogues of liquidity adequacy ratios.
A(t)=1z,Sh(t)+7,Sa(t)+7,Lh(t)+7,La(t), (2.9)

VA(t) = 7,4 VSh(t)+7,,VSa(t)+ 7,4 VSF (t)+ 7, vLh(t) +7,vLa(t).

vsf
The bank’s activity in attracting deposits is limited by the reserve requirement, which
obliges the bank to keep part of the funds raised in the Central Bank accounts. We model
this requirement as

Re(t)=n, (t)(Sh(t)+Sa(t))+n, (t)w, (t)(vSh(t)+vSa(t)+Vsf (t)), (2.10)
where n(t) and n,(t) are the reserve requirement coefficients for the ruble and the
foreign currency deposits.
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Taking into account all the operations described above, the financial balance of the
bank can be written out as:
d

aA(t)=—Kh(t)+(,6f,h (t)+1, (t))Lh(t)—Ka(t)+(A, (t)+n,(t))La(t)- (2.11)
W, (8) (VKO (£)+ (B (£) + 1y (1))VLH (1) =VKa (1) + By (1) + e (1)) VLA(E)) +
HVh(t)—( B, (t)+1, (t))Sh(t)+Va(t)—(B. (t)+r, (t))Sa(t)+

W, (£)(Wh(t) =By (1) + s (1)) VS (t) + Wa(t) = (Bea (1) + 1 (1) )VSa(L) ) +

d

+ 8 s0(t) -, ()50(t) +w ()(;*vsf() st()vSf(t)j+%Lc(t) L (H)Le(t)+

+% N (t)-w, (t)(%vA(t)J—% Rc(t)+%0po(t) —0C, (t)-Z(t).

The flow Z(t) is the amount of dividends paid by the bank. Variable OP,(t) is “other

liabilities” and means the difference between all other liabilities and bank balance assets
that are not described in the model. The flow OC, (t) includes tax payments, investments

in fixed assets (including participation in property), as well as operating expenses. These
flows (except, perhaps, taxes) are not directly related to the assets and liabilities of the

bank, hence we will not delve into the OC, (t) structure.

Finally, the last limitation of the bank's activity in the model is the capital adequacy
ratio. Equity is not explicitly included in the model, therefore it is written as the difference
of assets and liabilities of the bank. The minimum value of equity capital is determined
by the total volume of bank assets in the proportion set by the capital adequacy ratio

v, (t). In the model, this restriction looks like this:
v, (1) (A(t)+La(t)+Lh(t)+Le(t)+Re(t)+
+W,, (t)(vA(t)+vLa(t)+th(t)))s
< A(t)+La(t)+Lh(t)+Lc(t)+Re(t)+w, (t)(VA(t)+vLa(t)+vLh(t))-
~Sa(t)—Sh(t)—Sc(t)— N (t)-OP(t)—w, (t)(vSa(t)—vSh(t)-vsf (t)).

The above relationships represent the limitations imposed within the model on the bank’s
ability to choose the values of its planned variables (controls):

Kh(t),Lh(t),Ka(t),La(t),Vh(t),Sh(t),Va(t),Sa(t),
vKh(t),vLh(t),vKa(t),vLa(t),vWh(t),vSh(t),wWa(t),vSa(t), (2.13)
Sc(t), Le(t), Sf(t),Z(t), N (t),Rc(t), A(t),VA(t).

According to the principle of rational expectations underlying the models of intertemporal

equilibrium, when planning its control variables, the bank can rely on an accurate forecast
of information variables:
vsh (t) ﬂvla (t) lgvsa (t)

P (8): B (t). i (1) Ba (1) B ().
fin (1) (8): i (). (8), T (1), 1 (8
Fan (1)1 Ban (£): Faa (), P (8): Tt (1),
Va(®).n, (t).n, (1), N, (1), OF, (1), OC, (), Sc, (t), Sfy (1), w, (t)-

As aresult, the choice of the planned variables by the bank actually determines the supply

(2.12)

),

(2.14)
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of loans, as well as its demand for attracted and liquid funds as a function of current and
future values of information variables (primarily interest).

The goal of the bank is to maximize the total discounted utility from the received
undistributed profit taking into account the given deflator ¢ (t). Therefore, the

functional of the bank can be written as

re(z(t) )
(e 280 a,
o 1=-n1 Gy (t)
with respect to the variables (2.13) with constraints (2.1) — (2.11) on[t,,T], the values of

phase variables specified at the initial time and the given trajectories of exogenous values
(2.14).

For the solvability of the constrained optimization problem it is necessary to
supplement it with terminal conditions, which can be defined as a growth condition for
some linear form of the phase variables:

A(T)+Lh(T)+La(T)+Lc(T)-Sh(T)-Sa(T)-Sc(T)-
—N(T)+Rc(T)-OP,(T)+

+W,, (T)(VA(T )+VLh(T )+vLa(T)—-vSh(T)-vSa(T)-vsf (T))>
> y(A(ty)+Lh(t,)+ La(t, )+ Le(ty)—Sh(ty)—Sa(ty)—Sc(t,)
—N(t,)+Rc(ty)—OP,(t,) +

+W,, (t, ) (VA(ty ) +VLh(t, ) +vLa(t,) - vSh(t, ) —vSa(t,) - vSf (t,)).

This is an analog of no Ponzi condition written in terms of bank’s own capital which is a
difference between its assets and liabilities.

(2.15)

2.2. Optimal behavior in the model

The formulated problem belongs to a very complex class of optimal control problems —
it is a linear nonautonomous problem with mixed constraints. Next, we describe the main
stages of finding and transforming its solution. Each of the constraints is assigned a dual
variable (non-negative - to inequality and with indefinite sign - to equality), a Lagrange
functional is composed and the conditions of its saddle point are written out, which
represent a system of sufficient optimality conditions, see for example [14].
These conditions fall into four groups:
o differential equations, the initial conditions for which are assumed to be given;
e conjugate differential equations for the dual variables;
e transversality conditions that define terminal conditions for conjugate differential
equations;
e complementary slackness conditions for inequalities. In general, they consist of
three conditions
At)X(t)=0,X(t)=0,A(t) =20,
where X (t) is the direct variables in the original inequality, and r(t) is the dual variable
to this inequality. The system of such conditions we will denoted further by [A(t)][X (t)].

Consider the technique of working with a system of sufficient conditions obtained
after transforming variations of the Lagrange functional in direct variables on the example
of equations for variables describing the bank’s interaction with the consumer (the
conditions for interacting with a firm look similar). Start with the above-mentioned
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conditions of complementary slackness, derived from inequalities for the positiveness of
new deposits attracted (2.2) and loans issued (2.4) in rubles and foreign currency. This
set of conditions is as follows:

[@6(t)<&(t)I[Kh(t)], (2.16)
98050 A
DL4(1)(DIVN(1)],
[CD16(t)§(t) L (O1vWh(t)]. (2.17)
In this case, ®2(t)®4(t)P6(t)®8(t)is the normalized dual variables to the

corresponding inequalities, aj( ) is the dual variable to the financial balance. The

dynamics of the dual variable é’(t) turns out to be extremely important for describing the
optimal behavior of the bank. For convenience, the following variable will be used later

d
__af(t)
p(t) = 0

The rate of decline of the dual variable to the financial balance p(t) can be interpreted

as the profitability of the agent.
Transforming the variations of the Lagrange functional with respect to stocks
Lh(t),vLh(t), Sh(t),vSh(t) and flows Kh(t),vKh(t),Vh(t),vWh(t) allows us to obtain

differential equations for normalized dual variables ®2(t) ®4(t)®6(t) ®8(t)

%‘DG(U:(P(W%(t))‘DG(t)—(l—r.h)nc(t)+r.h(t), (2.18)
d S, (1)
E®8(t): p(t)+ vlh(t)—diW(t) (D8(t)—

gWw(t)

1-v,(t)
; g W(t) va(t)
G P16()=| p(t)+ vsh(t)—d\t,vw(t) ® 6(t)_1—va(t) 2

(2.19)

L S, (1)
—i{l_va(t) el (t)j fe (t)_ Fush (t)_(l_rvsh )W—(t)

w

Variation of the Lagrange functional with respect to the variable Z(t) leads to a
differential equation for this variable
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d
— 7§qu
%Z(t): p(t7)7 A+777;1 dtgli (t()t) Z(t). &0

Relations (2.16) - (2.20), restrictions on direct variables (2.1), (2.3), (2.5), (2.6) - (2.7)
and (2.11), as well as conditions (2.9) - (2.10) transformed into equalities together with
the conditions on the terminal values of dual variables, obtained by varying the Lagrange
functional with respect to phase variables at the time T, fully describe the solution of the
optimal control problem.

2.3. Transformation of the solution

In addition to the standard methods developed for solving such problems, novel methods
developed for the transition from problems in continuous time, like the one discussed
above, to problems in discrete time, which can be used for matching with statistical data
are also used. This method will be presented in this subsection.

At the first stage, differential equations for dual variables (2.18) - (2.19) are
transformed, using the following property. All these equations are highly unstable in

straight time. The only bounded solution on [tO,T] is the one close to the quasistationary
one, normalized in such a way to fulfill the terminal condition as equality. This solution
is a zero order approximation of the abovementioned normalization coefficient (see [15]).
Therefore, a large part (actually almost the whole interval [t,,T] for a given observed
rates and durations) is spent around the separatrix, deviating sharply from it to fulfill the
terminal condition. This property of the solution is called the turnpike property and is
described in detail, for example, in [16]. Using it, differential equations (2.18) - (2.19)
can be approximated by the following expressions after replacing the derivative of the
normalized dual variable with zero according to the definition of separatrix.
1-7, ) (t)—r (t

(I)6(t): A-7) Ic( ) Ih( )’ (2.21)

p(t)+ B (1)

(L4 )5 ()= (8) = (L4 7, )
(1) = W (1)

v, (1) 1
a p(t)+r, (t)—(—ns (t)—rshjl’lc (t)

P(t)+Pa(t)

Copyright ©2019 ASSA Adv. in Systems Science and Appl. (2019)
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va() (o
1—Va(t)p(t) (1—va(t) e nvs(t)jrlc(t)Jr

©16(t) = () " . (2.22)
—w,
dt "

p(t)+ vsh (t)_(t)

W,

w

Note that using the above four relations for dual variables leads to elimination of the
influence of the future (terminal conditions that determine their value at the moment of
time T) on the past (the entire trajectory until this last moment) typical for the dual
variables. The terminal condition (2.15) ensures the solvability of the original problem
and allows to obtain the values of the dual variables at the moment of time T . That is
why the terminal conditions themselves will not be of further interest, since they only
affect for a very small amount of time before the moment T .

From the point of view of using models of this kind in applied calculations, it should
be borne in mind that the statistics of the entire trajectory even for exogenous variables is
not available. The data is fundamentally discrete and is calculated with a certain
frequency: month, quarter, year, and so on. Hence, the data either on average for this
period or the value corresponding to its end is used. In order to adapt the model to this
type of data, the sampling procedure is used - the transition to discrete time (see [17] for
more details). It is assumed that, although the bank acts as described in its optimization

problem in continuous time on an interval [t,,T], it is possible to observe it at discrete

moments.

It should be noted that this technique is essential in the construction of the model. If a
model is directly written in discrete time, then the complementary slackness conditions
(2.16) - (2.17) will have to be resolved in a uniform way: the direct variables in the right
bracket will always have to be assumed larger than zero, and the dual variables in the left
bracket will be considered equal to zero. The latter, by virtue of relations (2.21) - (2.22),
will lead to the appearance of rigid relations between rates, which, is not what is observed
in the data.

It is also incorrect to reject these relations both from a mathematical point of view,
thereby violating the equality between the number of equations and the number of
endogenous variables, as well as the essential one. Dual variables

®2(t)D4(t) 6(t) D8(t) do not simply take into account the influence of individual

interest rates that are in their relations (2.21) - (2.22), but also link these effects within
the entire model through a variable p(t). This property allows the model to describe not

only the direct effects of interest rates (for example, a change in the rate on ruble loans to
the households on the volume of ruble loans issued to the households), but also cross-
impact. The model takes into account the dependencies of all endogenous variables from
all exogenous variables (which, in principle, is typical for general equilibrium models).
In the process of deriving a system of equations describing optimality conditions, the type
of functional form for each such dependence is determined. It seems that it is extremely
difficult to obtain such dependencies in the framework of econometric models, because,
firstly, in this case the functional form has to be guessed (the testing possibilities, although
they exist, are very limited), and secondly, take into account the influence of all
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exogenous variables even per one endogenous variable are practically impossible - the
number of estimated coefficients is critical for the available data set.

Further, every indicator in discrete time is associated with indicator in continuous
time. Within this approach, each derivative can be replaced by the difference between the
current and the previous value.

d
T XO=XO-X(t-1),

but at the same time, the variable itself, which occurs in the same equations without a
differential, must be replaced by its value at the previous time. The result of applying this
technique can be demonstrated for the balance of ruble loans issued to the public (2.1),
which should be written as

Lh(t)—Lh(t—1)=Kh(t)— g, (t)Lh(t-1). (2.23)
Balances (2.3), (2.5), (2.6) - (2.7) should be rewritten in a similar way. Then the financial
balance (2.11) should be rewritten in the form

A(t) - A(t-1) = —Kn(t )+(ﬂ| (t)+ 1 (1)) Lh(t-1)-

" (2.24)
—Ka(t)+ (ﬂ,a t) La(t- 1)+

+WW(t)( vKa() ( B (1) + 1,0 (1)
+Vh(t)—=( By (t)+1, (1)) Sh(t-1)+Va(t)— (B, (1) + T t))Sa(t—1)+
W, () (Wh(t) = (B (£) + ey

+Ww(t)(vva() ( vsa vsa
+Sc(t)-Sc(t—1)—r, (t)Sc(t- 1)+N ( )-N, +
—Le(t)+Le(t-1)+r (t)Lc(t-1)+OP, (t)- OP( )— OC, (t)- ( )+
+W,, (t)(—VA(t)+VA(t—1)+vSc(t)—vSc(t —1) -1, (t)vSc(t -1)).
Expressions (2.9) - (2.10) and (2.12), written as equalities, should be rewritten as
A(t)=7,Sh(t)+7,Sa(t)+7,Lh(t)+7,La(t)+d1Seas(t),
VA(t) =7, VSh(t)+7,,,vSa(t) + 7,4 VS (t)+7,,vLh(t)+7,,vLa(t),
Re(t)=n, (t)(Sh(t)+Sa(t))+n, (t)w, (t)(vSh(t)+vsa(t)+Vsf (t)),
v, (t)(A(t)+La(t)+Lh(t)+Lc(t)+Re(t)+
+WW(t)(vA(t)+vLa(t)+th(t))):
= A(t)+La(t)+Lh(t)+Lc(t)+Re(t)+w, (t)(vA(t)+vLa(t)+vLh(t))-
—Sa(t)-Sh(t)-Sc(t)~ N (t)-OP(t)—w, (t)(vSa(t)~vSh(t)-vsf (t))
In turn, relation (2.20) can be rewritten as
p(t)-A n_1§,iq(t)—§,iq(t—1)]
Z(t)-Z(t-1)= Z(t-1). 2.25
-2y~ 272 200D oy oo
The complementary slackness conditions (2.16) - (2.17) require a separate discussion. In
fact, they are degenerate functional dependencies, the graph of which delineates the

boundaries of the first quarter, and, therefore, the optimal solution of the system under
study “jumps around the corners”. From the economic point of view, they describe the
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infinitely elastic supply or demand functions of the agent. From the point of view of the
subsequent model calibration, these relationships present a significant difficulty,
substantially increasing the instability of the coefficient estimates, and, as a result, the
forecasts calculated using the model.

Nevertheless, with the help of natural assumptions about switching modes determined
by the method of resolving each of the conditions of the complementary slackness, it is
possible to move to more regular and convenient ratios from the point of view of the
model calibration. This technique is studied in more detail in [17]. The main idea behind
this method is that although the bank itself works in continuous time, it can only be
observed at specific points of time (at the end of each month). Because of this, pure
regimes of resolving the complementary slackness conditions are never seen. Indeed,
some mixtures are observable, which can be described as follows: "Bank issued new loans
X% time in this month, and did not issue them (1-x)% time in this month™. The equations
presented below answer the question of what is the proportion of time spent in this or that
regime.

Using the previously obtained expressions for dual variables (2.21) - (2.22) and the
special rules for their normalization, the relaxation coefficients &,,b,,c,,cc,,cf; are added,

where i=1,...,8 is the number of the corresponding complementary slackness condition.

Consider the principles of relaxation of the complementary slackness conditions on
the example of the households’ foreign currency deposits because the equation (2.22) is
the most complicated one. According to our approach, (2.17) is replaced with the
following relation

vVh(t):(bl—a1®16(t))(p(t)+ Vsh(t)—WW(t)_WW(t_l)JvSh(t—1)+

w, (t-1)
¢, Q(t)+cc,Q, (t)+cf,Q (t)

BvVh (t)
The direct variable included in the complementary slackness condition always appears
as a dependent one. The first bracket on the right side is a linear function of the dual
variable. In this case, there are two coefficients a,,b, that will be estimated later. This

bracket actually determines the proportion of time during the month (discrete grid step)
when new deposits are taken.

However, it is important to remember that this bracket itself has no dimension, and
the dependent variable clearly has a dimension. Therefore, the first bracket is normalized
to two more factors: to the corresponding phase variable of the previous period (variable
of the “stock” type), and to the bracket that coincides with the denominator of the
expression (2.22) for the dual variable. Such a normalization allows us to analytically find
all model variables in discrete time.

The resulting first term in the right part actually describes the choice of banks for the
volume of deposits taken depending on their level at the previous point in time, their
interest rate, duration and exchange rate (only for currency indicators). In addition,
information about the corresponding indicators of other bank-controlled variables is
transmitted through the variable po(t). To take into account the influence of exogenous

variables, a second term containing coefficients c,,cc,,cf; is added to this expression, in
which, for convenience, the following variables are introduced
Q(t)=N,(t)-N, (t-1)+OP, (t)-OP,(t-1)-0C, (t)-Z(t),
Q. (t)=Sc(t)-Sc(t-1)—-r, (t)Sc(t-1),
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Q, (t)=w, (t)(VSf (t)—vSf (t—1)—r, (t)vSf (t-1)).
The function B, (t) is specifically chosen to agree on the dimensionality of the
components of the entire expression, and for the convenience of its further use when
substituting into the financial balance. For example, for the variables vwWh(t) and vKh(t)
the similar function should contain the dollar exchange rate w,,(t) .

Preliminary analysis of the data showed that there is a clear seasonal component in
some series, namely in ruble deposits of the households and firms and in ruble liquidity,
showing clear peaks at the end of each year. No preliminary adjustment to this seasonality

is made, but instead, if necessary, an amendment for a special dummy variable Seas (t)

Is introduced, which takes unit values every December and is zero at all other points.
Consider the expressions only for variables describing the interaction of the bank and the
households. As a result of the described transformations, the following expressions are
obtained

wWht ( al, (1) +b, B (1) - ((1—rvsh)a1+b1)WW(53W_(¥ViS_1)+
(0, (6) =Ny (1) =7 )t (1) +((Lu, (1)) & +B;) (1) JvSh(t-1) - (2.26)
6 Q(t)+ccQ ( )+cf,Q (t)
w, (t)(1+u,(t))

wn(t) [ —a,r, (t )+b B (1) + (U, () =g, () =74, ) a5, (t) +

+( 1+u,(t))a, +b2)p(t)
CzQ(t)+CCZQC (t)+cf,Q, (1)

1+u,(t)

(L), () (0)uh(t-) SRR )

Kh(t)=(agh, (t)+b, B, (t)+—(1+7, ) agh. (t)—byo(t)) Lh(t-1)+
+CsQ(t)+cc Q (t)+cf Q (t)+d4Seas(t)+d5Seas(t-1),
where the following notation is used for convenience
1
WO
Now we describe the logic of the relationship between variables in the resulting
dynamic system at a time t. Suppose that its state is fully known at the moment of time

t—1 (all variables from (2.13) are known), information variables from (2.14), and all
coefficients are also known. In addition, for now assume that the value of p(t) is known.

Then, from the relaxed complementary slackness conditions (2.26) - (2.27), the variables
Kh(t),vKh(t),Vh(t),vWh(t) and Ka(t),vKa(t),Va(t),vwWa(t) are determined. Then from
balances of type (2.23) Lh(t),vLh(t), Sh(t),vSh(t) and La(t),vLa(t), Sa(t),vSa(t) can be
found. From (2.25) Z(t) can be found. As a result, all unknown variables at time t from

Sh(t-1)-

+d,Seas(t)+d,Seas(t-1),

(2.27)
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the financial balance (2.24) can be written as functions of profitability po(t), parameters,

information variables, and variables at time t—1. After substituting such expressions in
the financial balance, we get an expression for the variable p(t) .

p(t)=
t))Lh(t—-1)—(1+r, (t))La(t-1)-

(
—(L+ 1, (1)) w, () VLA (t=1)—(1+1,, (t))w, (t)vLa(t—1)+

+ +(1+ua(t))((ua(t)+nvs(t)+rvsh)r,c(t)+(1—rvsh)gw(t))a1+ w, (t)vSh(t-1)+
+(L+u, (1)) (1-0) Bey (1) + 1+(1+ua(t))a1)rVsh ()
((1+ua (1)) (u, (t)+ 7y +1y t))az)l’,C (t)+(1+u, (t))(1-b,) B, (t)+]

Sh(t-1)+

t)+ N (1) + 7 ) 1 (1) + (1 rvsa)gw(t))a3+ w, (t)vSa(t—1)+
1—b3),Bvsa(t)+(1+(1+ua(t))as)rvsa(t)
(t +rsa)a4)rlc(t)+(1+ua(t))(1b4)ﬁsa(t)+]

Sa(t—1)+

7~ N\
—_
—~

(BN
+
e
Q
—~
—
~—
—_~
<
)
—~~
—
+
>

~A(t-1)-w, (t)VA(t-1)-Re(t—1) - (1+ 1, (t)) Le(t - )

—ua(t)(Nn(t)+OPop(t)+(1+rsc(t))8c(t—1)+w )(1+ 1 (1)) vSf )
+(c,+¢, +¢;+¢, ~1)Q(t)+(cc, +cc, +cc, +cc, —1-u, (1)),
+(cf, +cf, +cf, +cf, —1-u, (t))w, ()€, (t)-
—(1+u,(t))(d,Seas(t)+d,Seas(t 1))
- (t)){(bl+(l+ua(t))ai)ww(t)vSh(t—l)+(b +(1+u,(t))a,)sh(t-1)+ }
) +(b3+(1+ua(t))ag)ww(t)vSa(t—l) ( +(1+u,(t))a )Sa(t—l)

()= w, (t)—w, (t-1)

O w, (t-1)

In fact, the expression for profitability is a weighted combination of interest rates, and the
weights are determined, among other things, by the structure of bank assets and liabilities
in the previous period, their durations, as well as the interest rate and other exogenous
variables.

Finally, one more property of the system under consideration should be noted. With a
special selection of parameters, the equation for p(t) can be simplified due to the fact
that some combinations of exogenous variables with the corresponding coefficients in
total are zero. Therefore, to simplify the calculations carried out further, it is assumed that

where
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ici =1, icci =1, icfI =1.
i=1 i=1 i=1

It should be noted that all the analytical transformations described above are performed
via the ECOMOD support system developed under the guidance of I. Pospelov [16]. It
allows to check the information links of the model, correctness of the balances, and the
dimensions. It also automatically writes down the sufficient optimality conditions in the
Lagrange form.

3. NUMERICAL RESULTS

As in the accompanying paper [10], the main source of statistical data is the Form 101
(turnover sheet) published by the Bank of Russia on a monthly basis starting from January
2004. To estimate this version of the model, this data on the period from January 2010 to
November 2018 is used. The principles of aggregation of the Form 101 accounts into the
model variables, as well as calculations of the interest and duration rates are described in
[10].

To estimate the parameters of the model, the same multistep forecasting methodology
described in the accompanying paper [10] is applied. To put it simple, the parameters
such that the model produces the most accurate forecasts for up to six months ahead from
the current point are found. In other words, the error function is the sum of squared
relative errors of forecasts for 1, 2, ..., 6 months calculated for every moment from 0 to
T-1. Using Monte-Carlo method, a stable vector of parameters in a sense that algorithm
(we use Isqnonlin command from MATLAB’s computing environment Optimization
package) converges to it from different regions is found. Of course, the uniqueness of
solution of this error minimization problem cannot be guaranteed, but another set of
parameters with comparable accuracy of forecasts during rather extensive computations
was not found. The average forecast errors of the model variables in per cents for a given
length of forecasts are summarized in th e following table:

Table 3.1. Forecast errors

Length of forecasts, months
1 2 3 4 5 6 Mean
La 1.1 15 1.7 1.9 2.3 2.5 1.8
Sa 2.7 3.6 4.7 52 5.9 6.9 4.8
vLa 2.0 2.7 3.3 4.0 4.8 5.4 3.7
vSa 3.0 4.5 55 6.1 6.8 7.5 5.6
Lh 1.7 2.2 2.7 3.3 3.5 3.9 2.9
Sh 1.4 2.0 2.4 2.8 3.2 3.7 2.6
vLh 1.6 2.1 2.6 3.3 3.6 4.0 2.9
vSh 1.9 2.7 3.2 3.2 3.3 3.6 3.0
A 5.5 5.4 5.8 6.0 6.2 6.1 5.8
Rc 0.0 0.3 0.5 0.6 0.7 0.8 0.5
VA 12.7 12.4 12.0 11.3 11.2 11.1 11.8
Lc 92.4 87.3 85.3 82.5 88.6 110.2 91.0

The “Mean” column contains average forecast errors for different forecasts lengths.
As can be seen, the model successfully replicates the dynamics of all the model variables,
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except for Lc. The forecast quality of Lc is poor because this variable is rather small in
the forecasting region — under current economic conditions banks do not have extra funds
to store them in the Central Bank. Instead they prefer to use them in more profitable ways.
Nevertheless, we cannot ignore this variable, because the model is oriented on the analysis
of banking system reaction on external influences. In the last 15 years the need of the
banking system for this instrument was observed several times.

The forecast accuracy presented in the Table 1 is comparable (and for some variables
outperforms) the models of the same type and also econometric models, see [3]. The
presented version of the model contains, apart from the common variables such as
volumes of loans and deposits, several variables related to capital adequacy ratio. The
variables of this type are bank capital itself, “other liabilities” and bank deposits in the
Central Bank. From the technical point of view, capital adequacy requirement
complicates our model significantly, because it contains almost all model variables.
However, the transformation method we applied allows us to find the analytic solution
which contains the explicit formula for p(t) . We think this relation, together with a set

of extra coefficients describing the connection between continuous and discrete time
scales, allows us to preserve the forecasting quality of the model despite the fact it became
significantly more complicated.

The sensitivity analysis of the obtained set of parameters was performed with
plausible results. First, the parameters of the model were reevaluated for several shorter
time intervals and remained almost the same. This fact confirms the assumption that the
model with the found set of parameters describes long-term relationships between the
variables. Second, the variables of the model were recalculated for a slightly distorted
version of the parameters found and remained almost the same. This fact confirms the
stability of the model, making it applicable for policy analysis and forecasting.

The following Figures 1-6 show an example of the model forecasting. The forecast is
calculated from December 2017 for the next six months.

3,5 0,045
3 0,04
0,035
2,5
0,03
2 0,025
1,5 0,02
0,015
1
0,01
0 e Statistical data e Statistical data
= 0,005
e December 2017 Forecast e December 2017 Forecast
0 0
2 4 6 8 10 12 2 4 6 2 4 6 8 10 12 2 4 6

2017 2018 2017 2018

Figure 1. Liquid funds in rubles (A),
trillion rubles
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Figure 5. Firm deposits in rubles (Sa), Figure 6. Household deposits in rubles
trillion rubles (Sh), trillion rubles

4. CONCLUSIONS

The model presented in this paper is based on the new transformation techniques of
solutions of optimal control problems with inequality constraints. These techniques
include the turnpike property-based approximation of differential equations for the dual
variables, the special method of transformation of continuous time equations to their
discrete analogues, the relaxation of complementary slackness conditions. This model can
be used by policymakers for measuring the effects of regulation policies such as changes
of key interest rate, deposits of Central Bank in the banking system or reserve
requirements, and by the market participants as well.

The proposed model successfully replicates the dynamics of 11 variables which
describe the main indicators of the banking system (with 12 endogenous variables in the
model in total). For comparison, the benchmark DSGE model of the US economy
described in [3] replicates 7 variables, and the model described in [18] replicates 10
variables. More advanced model of the Czech economy contains 28 endogenous variables
in the version of the model described in [19]. Further extension of the presented work can
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include the analysis of the applicability of the proposed approach to a wider class of
optimal control problems and the development of more general-purpose approach. For
example, presented approach can be used in modelling of other macroeconomic agents
such as consumer, producer, trader, and in the development of general equilibrium models
composed of the agents of this kind. Further development of the presented banking system
model (more detailed description of its structure with appropriate increase of number of
variables) also seems promising.
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