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Threshold analysis of a stochastic epidemic model with delay and
temporary immunity
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Abstract: A stochastic susceptible-infected-recovered model is formulated and investigated
when the temporary immunity is fixed for the population in this paper. The existence and
uniqueness of the global positive solution has been checked with probability one for any initial
value. And the sufficient conditions for the extinction and the persistence of the stochastic
epidemic model with temporary immunity are derived by constructing Lyapunov functions and
the generalized Ito’s formula, where the threshold of the persistence does not depend on the
temporary immunity, while the densities of the infected and recovered are obviously dependent on
the temporary immunity when given a perturbation. Illustrative examples and simulations show
that the perturbations make the properties of the stochastic epidemic model different from the
deterministic one.
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1. INTRODUCTION

The susceptible-infected-removed epidemic model is one of the most important models in
epidemiological patterns and disease control. Epidemic models with delay always make
the description of the epidemiological patterns more realistic, more interesting and more
complicated. Some authors investigated the effects of disease latency or immunity, in which
the models are described by systems of ordinary differential equations with delay, for instance
[1-10], and systems without delay [11-15]. Among these recent results we would like to
mention the work by Wen and Yang [10], in which they considered a type of delayed
susceptible-infected-recovered epidemic model with temporary immunity:

S(t) = A—pS(t) — BSH)I(t) +~I(t —T)e 7,
I(t) = BSEI(t) = (2 +7)I(1), (1.1)
R(t) = ~yI(t) = yI(t —T)e " — pgR(t),

where S(t) is the number of the susceptible individuals to the disease, I(t) represents the
number of the individuals who are infected and R(t) denotes the recovered individuals who
have been removed from the possibility of infection, A denotes a constant input of new
members into the population, i1, iio, 13 represent the death rates of the susceptible, the
infected, the recovered, and they assume that p; < min{us, u3} from the biological point
of view, [ denotes the transmission coefficient between compartments .S and I, v denotes
the recovery rate of the infected individuals, i.e., the rate at which the individuals move from
the infected compartment to the recovered compartment, 7 > 0 is the length of immunity
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period. Wen and Yang [10] assume that A, u;, 5, are all positive constants in model (1.1),
and they obtain the expression of the basic reproduction number in terms of parameters, that

is, Ry = M(ﬁg oms which measures how fast the diseases spread in the deterministic model

provided that the epidemics take place.

Some common phenomena in the real world, such as the weather fluctuations, temperature
changes and perturbations caused by human beings, can not been ignored when it comes to
the dynamics of the infectious diseases. From both biological and mathematical perspectives,
the stochastic models have more reasonable patterns and have been investigated by different
approaches presented in the recent literatures [16—20]. Motivated by model (1.1) and the
approaches mentioned in [16-20], we try to investigate several properties of model (1.2)
when transmission coefficient /5 in (1.1) is perturbed by the white noise 5 + o (t):

dS(t) = (A—pmSt)—BSEI(t)+~I(t—71)eT)dt — aS(t)I(t)dB(t),
dI(t) = (BS@OI(t) — (pe +)I(t))dt + oS(t)I(t)dB(t), (1.2)
dR(t) = (yI(t) = 7I(t — T)e™" — pzR(t))dt,

where £(t) = d]fbgt) , and B(t) is the independent Brownian motion, and o is the intensity of the
white noise when model (1.2) works on a complete probability space (2, F, { F; }+>0, P) with
a filtration {F; }+>o satisfying the usual conditions (i.e., it is right continuous and increasing
function while F; contains all P-null sets).

What we concern about in model (1.2) in this paper are listed below, of course, for any
positive initial value herewith:

e Existence and uniqueness of a global nonnegative solution with probability one;

e The sufficient conditions that guarantees the extinction of the diseases;

e Figuring out the threshold presented in terms of model parameters;

e Demonstrating illustrative examples and their realizations to support the validity of the
main results.

2. EXISTENCE AND UNIQUENESS OF THE POSITIVE SOLUTION
For model (1.2), the sum of three equations gives

d(S(t)+ I(t) + R(t))

p <A —m(S(t) + 1) + R(1)), (2.3)
then one can obtain that
A S(0) + 1(0) + R(0) < —,
S(t)+I(t)+ R(t)<{ M " (2.4)
S(0) 4+ 1(0) + R(0), S(0)+1(0)+ R(0) > E
We denote
A
N:maX{Z,S(O)—i—I(O)—i—R(O)}, (2.5)

therefore, S(¢t) < N,I(t) < N, R(t) < N. We notice that the first two equations in model
(1.2) do not depend on the third equation, we omit them without loss of generality. Thus, we
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only discuss the simplified model of having two equations:
{ dS(t) = (A—pmSEt)—BSOI(t)+~I(t—71)e*7)dt —aS(t)I(t)dB(t),
di(t) = (BS@O)I(t) — (uo+)I(t))dt + aS(t)I(t)dB(t).

In order to investigate other properties, we firstly study the fundamental property of the
solution of model (2.6). Next we will present the existence and uniqueness of the solution of
model (1.2).

Theorem 2.1:

For any initial value S(0) > 0 and I(¢) > 0 for all ( € [—7,0) with 1(0) > 0, model (2.6)
admits a unique positive solution (S(t),1(t)) on t > 0 and the solution will remain in R%
with probability one, that is to say, (S(t),I(t)) € R3 for all t > 0 almost surely.

Proof

According to the approach mentioned in [13—15,21]. The proof will go as follows. Since the
coefficients of model (2.6) satisfy the local Lipschitz conditions, then for any initial value
S(0) >0 and I(¢) >0 for all ( € [—7,0) with I(0) > 0, there is a unique local solution
(S(t),I(t)) on the half-closed 1nterval [ T,T.), Where 7, represents the explosion time of
the solution. To verify the solution is global, what we prepare to check that explosion time
T. = oo holds almost surely. To this end, let ky > 1 be sufficiently large such that each
component of the initial value (S(0), I(¢)) always lies within the interval [ , ko|. For each

integer k > ky, let us define the following stopping time

S(t) ¢ (%k) or I(t) ¢ (%k)} @.7)

Throughout this paper, we set inf () = oo (as usual ) represents the empty set). Obviously, 73
is an increasing function as k — oo. Let 7, be the limit of 73, as £ — oo. It is obvious that
Too < Te is valid almost surely. In order to complete the proof, we only need to show 7., = co
a.s.. We start the proof by contradiction, if this assertion is false, then there exists a pair of
constants 7" > 0 and ¢ € (0, 1) such that

P{70 < T} >e. (2.8)

(2.6)

T = inf {t € [0,7)

Thereby, there is an integer k1 > kg such that
P{r, < T} >¢e for all k> k. (2.9)
Let us define a C*-function V : RZ — R, as follows:

V(S(t),I(t))=95(t) —a— aln# +I(t)—1—1InI(t)+~ye "7 /t I(r)dr, (2.10)

where a is a positive constant to be determined later. The nonnegativity of 1 — 1 — log p is
obvious for all 4 > 0. Let & > ko and 7" > 0 be arbitrary positive constants. The application
of Ito’s formula gives

a

dV(S(t),1(t) = (1 - %) dS(t) + ﬁ(t)usu))’z + (1 - %)dl(t)

1 2.11
+2]2( 0 (dI(t))* +yL(t)e  s7dt — yI(t — T)e #37dt 1D

= LV(S(t), I(t))dt + o(al(t) — S(t))dB(t),
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where LV (S ( ), 1(t)) is defined from R? to R and computed as
LV(S(1),1(t))

- (1 - o) (A= () = BSO1(6) + 1t~ )
1) (SO0 — (12 +)1(0)

+%I2(t) + <1
0.2
—1—752(75) +L(t)e™ T —~I(t — T)e 1T
= A —mS(t) — (2 +NI(L) +I(t —T)e "7

a I(t—1)
=0l S(®)

ST ()e T — It — T)e T 4 %(SQ(t) +al?(t))

(2.12)

+ pa + aBI(t) —aye T

—BS(t) +p2+

2
< At matpe+v+ (@B +ye™T = (p2 +7)I(t) + %(1 +a)N?.

Choosing a positive constant
ety —eT)

g
such that a3 4+ ye™#37 = us + 7, then we have

(2.13)

LV (S(t),1(t)) <At matpm+y+ = (1+a)N2 K, (2.14)

2
where K > 0 is a constant. The remainder of the proof follows the similar approach given
in [22].

Remark 2.1:

Theorem 2.1 implies that the stochastic model (1.2) admits a unique solution
(S(t), I(t), R(t)) for any initial value (S(0),1(0), R(0)) € R%,1(¢) > 0 forall ¢ € [-T,0).
Each component of the solution (S(t),I(t), R(t)) is positive for all t > 0 almost surely.
According to the statement of Theorem 2.1, if the sum of each component with the initial
value is almost surely bounded, say S(0) + I1(0) + R(0) < ;% so the region

A
"= {(S(t),[(t),R(t)) eRY:S(H)+1(t)+ R(t) < o t> 0} (2.15)
1
is the positively invariant set of model (1.2).

3. THE SUFFICIENT CONDITIONS OF THE EXTINCTION OF THE DISEASES
Let
~  BA o2A2
pa(pe +7) 203 (pa +7)’

which can be presented in terms of the basic reproduction number of the deterministic
model (1.1):

(3.16)

o2A\?

Ry=Rjy— ——— .
O 22 (e + )

(3.17)

Copyright (© 2017 ASSA. Adv Syst Sci Appl (2017)



50 R. XUE, EY. WEI

For the stochastic model (1.2), we will investigate the sufficient conditions of the
extinction of the disease. In other words, the infected individuals will eventually recover from
the attack of the disease, and the capacity of the total population will keep kind of constant in
the long run.

Theorem 3.1:
Let (S(t),I(t), R(t)) be the solution of model (1.2) with initial value (S(0), 1(0), R(0)) € T"*.
If the intensity of the white noise satisfies

2 p?
LR — (3.18)
2(p2 +7)
or
Ro<1,0>< 5/‘\“ (3.19)
then the density of the infected declines exponentially
In I(t 2
lim sup n_() < —(p2+7) + 5— <0 a.s. (3.20)
t—o00 t 2 2
or .
t .
lim sup nl{ < (2 +7)(Ro—1) <0 as. (3.21)
t—o00
respectively; and
A
limsup S(t) = — a.s.. (3.22)
t—o00 H1

Proof

Adding up those three equations of model (1.2) gives

t
d(S(t) +I(t)+ 76_“37/ I(r)dr ) (A — 1 S(t) — (2 +y(1 —e™#37))I(t)]dt.
o (3.23)
We integrate the above from 0 to ¢ and divided by ¢, which implies
A = pa(S(t)) = (p2 + (1 —e7=7))(I(t))
0

_ %(aw+J@wwww“L:Ier—Smw—Hm—vaM(/ rr)ar )

-7

(3.24)
and then derives that
A + (1 —e 7
(50 = 2 20T ) 4o, (3.25)
M1 251
where
1 t 0
o(t) = m (S’(t) +I(t) + ’76_”37—/ I(r)dr — S(0) — 1(0) — 76_“37/ [(r)dr).
1 t—7 —T
(3.26)
The strong law of large numbers and the fact S(0) + 7(0) < uAl show that
lim p(t) =0 as.. (3.27)

t—o0
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For the second equation of model (1.2), the generalized It6’s formula leads to

a2S%(t)
2

(Hn]@)::(ﬁS@)—(u2+7)— )dt+aS@ﬁU%O. (3.28)

Integrating (3.28) from 0 to ¢ and divided by ¢ gives

InI(t o? o [ InI(0
1 a0 - (a4 - sy + 2 [ sase)+ 2L 329)
0
We denote
t
M(t) := a/ S(r)dB(r), (3.30)
0
where M (t) is a local continuous martingale with //(0) = 0. Moreover,
M(t), M(t ZA?
MMW<(%(M§02<w&& (3.31)
t—o0 t ,Ul
The strong law of large numbers for martingales presented in [23] thus implies that
Mt
lim sup L =0 as.. (3.32)
t—o0 t
If 02 > 2(f2—2+w rewriting (3.29) gives
InI(t) o? [ A g o [ In 7(0)
= —— S(r)—— | dr — —+— [ S(r)dB
] | (50 5) dr =G+ g+ T [ sane) + 25
g o /t In 7(0)
< - —+— [ S(r)dB —_—.
< At gty [ S0BE)
(3.33)
Taking superior limit on both sides of (3.33), then we get that
In7(t 2
lim sup nI(t) < —(p2 +7) + e <0 as.. (3.34)
t—o00 t 20'2
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If RO <lando? < g% hold, the Schwarz inequality and substituting (3.25) into (3.29)
yield that

PO < a(s0) — () - G0+ 7 [ st + 1
- i_jl\ — (2 +7) — Alia+ 7(:1_ ) (I(t)) + Be(t)
o [ o? [ A po+(1—e ) ’
7/0 S(NdB(r) = 5 | - = o (I(1)) + w(t)}
= Ay = Bl D) g (3.35)

M1 H1

R L e (0))

+¢2(t) . 2A(M2 + '7/% — ¢ MT)) I

28 = 2 + 9 (A = T {I(D))
21

so(t)} 2,

which gives that

InI(t BA  o?A? + (1 —e 7 oA
() S [ - _,UQ 7( )(B__)<[(t)>
t pi 2 f 0 (3.36)
where
o) = Belt) / S(r)dB(r
3.37
L 2A- 2<u2 (L= e ) U() 337
5 p(t)]-
H1
It is easy to check that
lim ¢(t) =0 as.. (3.38)
t—o00
We take superior limit on both sides of (3.35) and derive that
In I(t ~
lim sup = t( ) < (2 +7)(Ro—1) <0 as.. (3.39)
t—o00

Further, the density of the infected individuals declines to zero, and the density of the
susceptible individuals keeps constant in a long time run, mathematically speaking, these two
expressions

A
lim I(t) =0, lim S(t) = — (3.40)
hold almost surely when condition (3.18) or condition (3.19) is satisfied. ]

Remark 3.1:
Wen and Yang [10] had shown that the disease-free equilibrium EO(%,O,O) of the

deterministic model (1.1) was globally asymptotically stable if the basic reproduction number
Ry < 1 (i.e., the disease disappeared under the condition Ry < 1). While for the stochastic
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model (1.2), we obtain that the disease disappears when conditions Ry < 1 and 0® < é% are

being satisfied in this chapter. This indicates that the condition of extinction to the stochastic
model (1.2) is weaker than that of the corresponding deterministic model (1.1).

4. THE THRESHOLD FOR THE PERSISTENCE OF THE DISEASES

Theorem 4.1:
Let (S(t),1(t), R(t)) be any solution of model (1.2), (5(0),1(0), R(0)) € I'* be any initial
value with 1(¢) > 0 for all ¢ € [—7,0). We assume that Ry > 1, and also assume that the
intensity of the white noise satisfies

B

St 441
2 — A ) ( )
then the densities of the infected and the recovered individuals have the following properties:
I, < liminf(I(t)) < limsup(I(t)) < I* a.s. (4.42)
t—00 t—o0
and _ ~
R, <liminf(R(t)) < limsup(R(t)) < k" a.s., (4.43)
—00 t—o00
where ( ) a o)
7 Hilp2 +7 5 - (1 —emHeT)
i— Ro—1), Ro="2"°"Jf, (4.44)
5(M2+7(1—€_“37))( o= 1) 13
and
2 et
T M1(M2+7) P % 7(1_6 Hs )~*
I = Ry—1), " = ——=1I". (4.45)
(B = M) + 71— ey 0~ s
Proof

From (3.28), the second equation of model (1.2) implies that
242

dlnI(t) > (53(25) — g — 7y — 02#2 )dt +oS(t)dB(t), (4.46)

integrating (4.46) on both sides and substituting (3.25) into the integration, which derive that

InI(t) ; In 7(0) > B(S(E)) — po — 7 — 0232 +%/0 S(r)dB(r)
_ BA o?A*\  Bua + (1 —e7t7))
- 2 (m bt 23 ) - (1(t))  (@47)

+Bp(t) +% /0 tS(r)dB(r).

Inequality (4.47) can be rewritten as
L1 BA < 02A2)
I(t) > — =2ty +
w0 > gty (- (4
~InI(t) —InI(0)

(4.48)

Copyright (© 2017 ASSA. Adv Syst Sci Appl (2017)



54 R. XUE, EY. WEI

According to (2.15), we have

A t
—oo<nl(t) <l tlirilo% | S()aB(r) =0, (4.49)
and
lim o(t) = 0. (4.50)
t—o00

Taking the inferior limit on both sides of (4.48), we have

lim inf(1(t)) > S il(vﬁﬁ J:Z)_M,T))(RO —1):= 1. (4.51)

On the other hand, integrating the first equation of (4.46) from 0 to ¢ on both sides yields

1n[(t);1n1'(0) :B(S(t)>—,u2—7—0;<52(t)>+%/0 S(r)dB(r). (4.52)

We rewrite (3.35), then we get that

pi
O = =) B — o)

(4.53)
" BA . o?A\? InI(t) — In(0) ()
[ H2 Y 2/,6% n )
taking the superior limit on both sides of above equation, then one can obtain that
13 - .
limsup(I(t)) < Ry—1):=1" 4.54
t—>oop< ( )> = (,LLQ _{_7(1 _ e_ugT))(ﬁ,ul — O'QA)< 0 ) ( )
The last equation of model (1.2) yields
gl ye T R(t) — R(0)
R(t)) = —((t)) — It—71)) — ——+—, 4.55
(R(t)) M3<( o (I(t—7)) ol (4.55)
then
_ o H3T _ e H3TY _ B
limint(R(E) = 22— fnineryy > 2= g (4.56)
t—o00 Mg t—o0 lj/g
1 — e H37 1 — e H37T) . -
lim sup(R(t)) = (L= e lim sup(/(t)) < Ml=e )]* = R". (4.57)
t—00 M3 t—00 M3
[
Remark 4.1:

Both Theorem 2 and Theorem 3 have the common condition o* < % therewith. While the

opposite properties of these two theorems depend on the value of Ry, that is, Ry < 1 indicates
the extinction of the disease and Ry > 1 means the persistence of the disease. The expression
Ry plays the role of threshold of model (1.2).
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S. ILLUSTRATIVE EXAMPLES AND THEIR REALIZATIONS

Example 1
Let the parameters of model (1.2) be A =02 =ps=p3=0.2,5=0.8v=
0.5,0 = 0.6, and the initial value be (5(0), 1(0), R(0)) = ( .1,0.6,0.3).
We can verify that
- 2A2
Ry=Ry— ——— = 08857 < 1, 0—036<5M1:0.8. (5.58)

203 (po + )

Condition (3.19) of Theorem 1.2 is satisfied, the solution of model (1.2) has the properties as
follows:

InI(t ~
limsup ——— < (13 +7)(Ro — 1) = —0.08 < 0 as. (5.59)
t—o00
and A
limsupS(t) = — =1 as. (5.60)
t—o0 H1

Figure 5.1 indicates that the infected vanishes exponentially, and the susceptible individuals
reach their maximum when given a long time run.

Obviously, the basic reproduction number of the deterministic model (1.1) can be
computed as Ry = 1.1429 > 1 in this case. And the endemic equilibrium £* of model (1.1)
is globally asymptotically stable according to Theorem 5.2 in [10].

We conclude that in the case of medium perturbation, say ¢ = 0.6, the density of the
susceptible approaches one almost surely, and is much higher than that of the deterministic
model. Compared with the deterministic model, the density of the infected declines fast to
zero with the exponential rate —0.08 at early time scale 1.5 x 10* days. And the density of
the recovered is somehow affected by the infected and ends up at zero at 2.5 x 10* days
instead of persistence for the deterministic model.

Example 2
We keep the initial value and other parameters same as shown in Example 1 except for
o = 0.9. Here
62
o2 > 2 — 04571, (5.61)
2(p2 +7)

and condition (3.18) of Theorem 1.2 is being satisfied, then the solution of model (1.2) admits
the following property:
2
lim sup o I<t> —(p2 + ) + f— = —0.3349 < 0 a.s. (5.62)
t—o0
The corresponding simulations would be shown in Figure 5.2 to support the main results of
Theorem 1.2 we got in the previous section.

Under large perturbation, say o = 0.9 in this case, we find that the density of the
susceptible behaves the similar dynamics. While the curve of the infected shows more sharper
than that in Example 1, and still decays exponentially with a larger rate —0.3349 at early time
scale 1 x 10* days. And the density of the recovered is close to zero at 2 x 10* days compared
with the deterministic model.

Example 3
Let the intensity of the white noise be o = 0.1, and the initial value and other parameters
be the same as shown in Example 1. Here
5 2A2
Ro=Ro——2 0 1135751, o —001< 08 (5.63)
203 (p2 + ) A
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The Stochastic System

1.2 S | o
1(t)
R(®)
1k A
0.8 .
0.6 .
0.4 .
0.2 .
o
o 0.5 1 1.5 2 2.5 3 3.5 4
t,days <104
The Deterministic System
T T T
1.2 s |
1(t)
R(®)
1k A
0.8 .
0.6 .
0.4 .
0.2 V\ .
o . . . | ’ ’ ’
o 0.5 1 1.5 2 2.5 3 3.5 4
t,days <104

Fig. 5.1. Realizations for model (1.2) with RO < 1 and model (1.1) with Ry > 1 respectively.

By Theorem 4.1, the following property of model (1.2) holds:
0.0817 < lim inf(I(#)) < limsup(I(t)) < 0.0827 as. (5.64)
—00

t—o0

If we keep the initial value and other parameters same as shown in Example 1 except for
e = 0.3,v = 0.4. We easily check that Examples 1 and 2 still keep the same conclusions.
While the persistence level of model (1.2) is lower than that in (5.64) by Theorem 4.1. That
is,
0.0638 < litm inf(I(t)) <limsup(I(t)) < 0.0646 a.s. (5.65)
— 00

t—o00

Figure 5.3 reveals that the prevalence of the disease takes place under small perturbation
of the white noise. The properties of the solutions for the stochastic model (1.2) and the
deterministic model (1.1) demonstrate the similar behaviors when set a small perturbation.

We would like to conclude that the density levels for the susceptible, the infected and the
recovered are all alike when given a small perturbation environment. Especially, the higher
the recovery rate for the infected individuals, the more the infected, such as, the density
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The Stochastic System

T T T T
1.2 s@® |
1(®)
R(®)
1k
0.8 .
0.6 .
0.4 .
0.2 .
o | \ T —
o 0.5 1 1.5 2 2.5 3 3.5 4
t,days <104
The Deterministic System
T T T T T T T
1.2 - S | o
1(t)
R(®)
1k A
0.8 .
0.6 .
0.4 .
0.2 .
o . . . | ’ ’ ’
o 0.5 1 1.5 2 2.5 3 3.5 4
t,days <104

Fig. 5.2. Realizations for model (1.2) with ¢ = 0.9 and model (1.1) with Ry > 1 respectively.

of the infected varies from [0.0817,0.0827] when v = 0.5 (the green line in Figure 5.4) to
[0.0638,0.0646] when v = 0.4 (the blue line in Figure 5.4).

6. CONCLUSIONS

In this paper, we work on the susceptible-infected-recovered model, where the individuals
stayed in the recovered compartment finally lost temporary immunity returned to the
susceptible compartment.

The research results of this paper demonstrate that the existence and uniqueness of the
global positive solution of model (1.2) has nothing to do with the temporary immunity due
to the construction of Lyapunov function (2.10) therewith. While no matter how big the
temporary immunity period is, the sufficient condition of the extinction of the diseases merely
depends on the parameters of model (1.2), say condition (3.18) or (3.19) is A, p1, po, 8,7, 0-
dependent, and 7-dependent instead in Theorem 2.
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The Stochastic System
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Fig. 5.3. Realizations for model (1.2) with ¢ = 0.1 and model (1.1) with Ry > 1 respectively.

We therefore conclude that, in Theorem 3, the expressions of I . and I* are the inverse
functions of factor 1 — e #37, where Ry is a T-independent expression; and R, and R* are
respectively the saturated functions of 1 — e7#37. The illustrative examples have shown that
the larger the perturbation, the sharper the infected individuals decline exponentially, the
earlier the recovered individuals meet extinction.
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Fig. 5.4. Realizations for model (1.2) with v = 0.5 (the green) and v = 0.4 (the blue) respectively.
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