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Abstract In this paper, we introduce a new monotone hybrid iterative scheme for finding a
common element of the set of common fixed points of a finite family of nonexpansive multi-
valued maps and the set of the solutions of the equilibrium problem in a Hilbert space. More-
over, we also introduce a new iterative scheme for finding a common fixed point of a finite
family of nonexpansive multi-valued maps in a Banach space. Strong convergence theorem of
the proposed iteration is established.
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1. Introduction

Let D be a nonempty convex subset of a Banach space E. Let f be a bifunction from D x D
to R, where R is the set of all real number. The equilibrium problem for f is to find z € D such
that f(z,y) > 0 for all y € D. The set of such solutions is denoted by EP(f). The set D is
called proximinal if for each z € E, there exists an element y € D such that ||z —y|| = d(z, D),
where d(xz, D) = inf{||z — 2| : z € D}. Let CB(D), K(D) and P(D) denote the families
of nonempty closed bounded subsets, nonempty compact subsets, and nonempty proximinal
bounded subsets of D, respectively. The Hausdorff metric on C B(D) is defined by

H(A, B) = max { sup d(z, B), sup d(y, A)}
z€A yeB

for A, B € CB(D). A single-valued map T' : D — D is called nonexpansive if | Tx — Ty|| <
|z — y|| forall z,y € D. A multi-valued map 7' : D — CB(D) is said to be nonexpansive if
H(Tz,Ty) < |lx—y| forallz,y € D. Anelement p € D is called a fixed pointof T : D — D
(respectively, T : D — CB(D)) if p = T'p (respectively, p € T'p). The set of fixed points of
T is denoted by F(T). The mapping T : D — CB(D) is called quasi-nonexpansive'®! if
F(T) # 0 and H(Txz,Tp) < ||z — p| forall z € D and all p € F(T). It is clear that
every nonexpansive multi-valued map 7" with F'(T') # () is quasi-nonexpansive. But there exist
quasi-nonexpansive mappings that are not nonexpansive, see [,

The mapping 7' : D — C'B(D) is called hemicompact if, for any sequence {z,, } in D such
that d(z,, Tx,) — 0 as n — oo, there exists a subsequence {z,, } of {z,} such that z,, —
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p € D. We note that if D is compact, then every multi-valued mapping 7" : D — CB(D) is
hemicompact.

A mapping T' : D — CB(D) is said to satisfy Condition (I) if there is a nondecreasing
function f : [0, 00) — [0, 00) with f(0) =0, f(r) > 0 for r € (0, c0) such that

d(z,Tx) > f(d(z, F(T)))

forallx € D.

A family {T; : D — CB(D),i = 1,2,..., N} is said to satisfy Condition (II) if there is a
nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0, f(r) > 0 for r € (0, c0) such that

N

d(z, Tix) > f(d(z, () F(T3)))

i=1
forallt =1,2,..., Nandxz € D.

In 1953, Mann 1'% introduced the following iterative procedure to approximate a fixed point
of a nonexpansive mapping 7" in a Hilbert space H:

Tpt1 = Ty + (1 — ap)Txy,, Yn €N, (D

where the initial point z is taken in C arbitrarily and {«,, } is a sequence in [0,1].

However, we note that Mann’s iteration process (1) has only weak convergence, in gen-
eral; for instance, see [1-7- 151,

In 2003, Nakajo and Takahashi '?! introduced the method which is the so-called CQ method
to modify the process (1) so that strong convergence is guaranteed have recently been made.
They also proved a strong convergence theorem for a nonexpansive mapping in a Hilbert space.

Recently, Tada and Takahashi [>°! proposed a new iteration for finding a common element
of the set of solutions of an equilibrium problem and the set of fixed points of a nonexpansive
mapping 7" in a Hilbert space H.

In 2005, Sastry and Babu [ proved that the Mann and Ishikawa iteration schemes for
multi-valued map 7" with a fixed point p converge to a fixed point ¢ of T" under certain condi-
tions. They also claimed that the fixed point ¢ may be different from p. More precisely, they
proved the following result for nonexpansive multi-valued map with compact domain.

In 2007, Panyanak '3 extended the above result of Sastry and Babu ['%! to uniformly convex
Banach spaces but the domain of 7" remains compact.

Later, Song and Wang [ noted that there was a gap in the proofs of Theorem 3.1(see [13))
and Theorem 5 (see !'%). They further solved/revised the gap and also gave the affirmative
answer to Panyanak (13 question using the following Ishikawa iteration scheme. In the main
results, domain of 7" is still compact, which is a strong condition (see 19 Theorem 1)and T
satisfies condition(I) (see '), Theorem 1).

In 2009, Shahzad and Zegeye [”! extended and improved the results of Panyanak ['3], Sastry
and Babu 9 and Song and Wang !"°! to quasi-nonexpansive multi-valued maps. They also
relaxed compactness of the domain of 7" and constructed an iteration scheme which removes
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the restriction of 7" namely Tp = {p} for any p € F(T"). The results provided an affirmative
answer to Panyanak ['3 question in a more general setting. In the main results, 7' satisfies
condition(I)(see !'”!, Theorem 2.3) and T is hemicompact and continuous (see 171 Theorem
2.5).

Question: How can we modify iteration process for a nonexpansive multi-valued map 7'
which the domain of 7' is not necessary to be compact to obtain strong convergence theorems
for finding a common element of the set of solutions of an equilibrium problem and the set of
fixed points of 7' ?

In the recent years, the problem of finding a common element of the set of solutions of
equilibrium problems and the set of fixed points in the framework of Hilbert spaces and Banach
spaces have been intensively studied by many authors, for instance, see (>3 %3 6.8 14,201 34
the references cited theorem.

In this paper, we introduce a monotone hybrid iterative scheme for finding a common ele-
ment of the set of a common fixed points of a finite family of nonexpasive multi-valued maps
and the set of solutions of an equilibrium problem in a Hilbert space. Let D be nonempty,
closed and convex subset of a Hilbert space H and o, € (0,1) for all i = 0,1,...,m with
Yot al, = 1,¥n > 0and r, € (0,00). For an initial point xy € D = Cj, compute the
sequence {x, } by the iterative process

f(unay) + %<y — Un, Up —.I‘n> > 0? Vy € Da

Un = Y ito bzt 2 € Toup, Yi=1,2,....,m, 20 = up,
Cnp1={2 € Cn: llyn — 2| < llzn — 2[I},

Tnt1 = Pe, 170, n >0,

(2)
where 7; is a nonexpansive multi-valued map for all: = 1,2, ..., m.

2. Preliminaries

The following lemmas give some characterizations and a useful property of the metric
projection Pp in a Hilbert space.

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let D be a closed and
convex subset of H. For every point x € H, there exists a unique nearest point in D, denoted
by Ppz, such that

le = Poal| <l -y, Vy € D.
Pp is called the metric projection of H onto D. We know that Pp is a nonexpansive mapping
of H onto D.

Lemma 2.1. ' Let D be a closed and convex subset of a real Hilbert space H and let Pp be
the metric projection from H onto D. Given v € H and z € D. Then z = Ppz if and only if
the following holds:

(x —z,y—2) <0, VyeD.

Lemma 2.2. "2l Let D be a nonempty, closed and convex subset of a real Hilbert space H and
Pp : H — D be the metric projection from H onto D. Then the following inequality holds:

ly — Ppal|® + |lz — Ppz|* < |lz — y|?, Vx € H, ¥y € D.



152 Suantai:Monotone Hybrid Methods for a Finite Family of Nonexpasive......

Lemma 2.3. "' Let H be a real Hilbert space. Then the following equations hold: ()
lz = ylI* = ll|* = yl* = 2z — y,v), Va,y € H;
(i) [[tz + (1 — Dy]2 = tl2ll? + (1 — ) lyll? — 11 = Dlle — g2, vt € [0,1]
andz,y € H.

By using Lemma 2.3, we obtain the following lemma.

Lemma 2.4. Let H be a real Hilbert space. Then for each m € N

m m m
I il =3 tillaal = Y ity —
=1 =1 i=1,i#]

z; € Handt;, t; € [0,1] foralli,j =1,2,...,mwithy ;" t; =1
Lemma 2.5. ®!Let D be a nonempty, closed and convex subset of a real Hilbert space H. Given
x,y,2 € H and also given a € R, the set

{veD: ly—vl? < llz—v|® + (2,v) +a}

is convex and closed.

For solving the equilibrium problem, we assume the bifunction f : D x D — R satisfies
the following conditions:
(A1) f(z,z) =0forall x € D;
(A2) f is monotone, i.e., f(x,y) + f(y,z) < Oforall z,y € D;
(A3) for each z,y, 2z € D, limsup, o f(tz + (1 — t)x,y) < f(z,y);
(A4) f(x,-) is convex and lower semicontinuous for each = € D.

Lemma 2.6. > Let D be a nonempty, closed and convex subset of a real Hilbert space H. Let
f be a bifunction from D x D to R satisfying (A1)-(A4) and let » > 0 and x € H. Then, there
exists z € D such that

1
f(z,y)—l—;<y—z,z—x> >0, forallyeD.

Lemma 2.7. ! Forr > 0, x € H, defined a mapping T, : H — 2P as follows:

T, (x) = {z €D: f(z,y)Jr%(yfz,zfx) >0, forallyGD}.

Then the followings hold:
(1) T is single-value;

(2) T. is firmly nonexpansive, i.e., for any x,y € H,

HTTx - TryH2 S <Trx - Try,x - y>'

Y

(3) F(T,) = EP(f);
(4) EP(f) is closed and convex.



Advances in Systems Science and Applications (2011), Vol. 11, No. 1-2 153

Lemma 2.8. Let D be a closed and convex subset of a real Hilbert space H. Let T : D —
CB(D) be a nonexpansive multi-valued map with F(T') # () and T'p = {p} foreachp € F(T).
Then F(T) is a closed and convex subset of D.

Proof. First, we will show that F'(T) is closed. Let {x,} be a sequence in F(7T') such that
Ty, — x asn — 0o. We have

d(z,Tx) d(z,zy) + d(xy, Tx)
d(z,z,) + H(Tzp, Tx)

2d(z, xy,).

VAN VAN VAN

It follows that d(z,Tz) = 0, so x € F(T). Next, we show that F(T) is convex. Let p =
tp1 + (1 — t)pe where p1,pe € F(T)andt € (0,1) . Let z € T'p, by Lemma 2.3, we have

lp—z1* = lt(z—p1) + (1 —t)(z = pa)|?

= tllz—pil*+ (1 = t)l|lz = pal* — t(1 — t)|[p1 — p2?
td(z,Tp1)? + (1 — t)d(z, Tp2)? — t(1 — t)|p1 — pa|?
tH(Tp, Tp1)* + (1 — t)H(Tp, Tp2)? — t(1 — t)||p1 — pol|?
tllp — 1) + (1 = &)|lp — p2l|* = t(1 = )[|p1 — po?
t(1—)%lpr — p2l> + (1 = )% |p1 — p2||* — t(1 — t)|p1 — p2|
0,

IN A

hence p = z. Therefore p € F(T).

Lemma 2.9. 2! Let p > 1,r > 0 be two fixed numbers. Then a Banach space E is uniformly
convex if and only if there exists a continuous, strictly increasing, and convex function g :
[0,00) = [0, 00) with g(0) = 0 such that

Az 4+ (1= Nyll” < All]|” + (1 = Mllyll” = wp(N)g(llz = yl),
forallz,y € B.(0) ={x € E: ||z| <r}and X € [0, 1] where wy(\) = A(L—=X)P+AP(1-N).
By using Lemma 2.9, we can prove the following Lemma by induction.

Lemma 2.10. Let E be a uniformly convex Banach space and B,(0) = {z € E : ||z|| < r}
be a closed ball of E. Then there exists a continuous strictly increasing convex function g :
[0,00) — [0, 00) with g(0) = 0 such that

m m
1Y el < agllmil® — axasg |z — ),
=1 =1

forallm € N,z; € Br(0) and o; € [0,1],0 =1,2,...,mwithy ;* o; = 1.

By interchanging the roles of vectors x; in Lemma 2.10 and summing the inequalities to-
gether we obtain the following lemma.
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Lemma 2.11. Let E be a uniformly convex Banach space and B, (0) = {x € E : ||z| < r}
be a closed ball of E. Then there exists a continuous strictly increasing convex function g :
[0,00) — [0, 00) with g(0) = 0 such that for each j € {1,2,...,m},

[ Zamw < Zaznxzw Zo@g (Il — =ill)),

forallm € N,z; € B;(0) and o; € [0,1] foralli = 1,2, ..., mwith )" | o = 1.

Proof. Let j € {1,2,...,m} be fixed. By Lemma 2.10, there is a continuous strictly increasing
convex function g : [0, 00) — [0, 00) with g(0) = 0 such that

m
oy + agms + azas + ..+ amaml? < > aillzil® — ajaag(a; — )

i=1
m

loaws + aazs + cuza + .+ aowa|* < Y ailla]? — ajasg(|lag — zal])
i=1
m

lonzy + auzy + o5xs + ...+ agzs|® < Zaz‘||95i||2 — oy g(lley — i)
i=1
m

lar@y + aszs + aszs + .+ asws® <Y aillwl® — ajang(ley — zal)
m

lonzy + Ty, + aozy + oo + 121> < Zainin — ajamg(|lz; — zml))-

By summing up above inequalities, we obtain

| Zazsz2 < Z%H%HZ Zazg oy — will)).

3. Main Result

First, we prove a strong convergence theorem for a finite family of nonexpansive multi-
valued mappings which satisfies the condition (II) in a uniformly convex Banach space.

Theorem 3.1. Let D be a nonempty, closed and convex subset of a uniformly convex Banach
space E. Let T; : D — CB(D) be a nonexpansive multi-valued map for all i = 1,2, ...,m with
Nit, F(T;) # 0 and T;p = {p} for each p € ﬂzn 1 F(T5). Assume that {T; : i = 1, 2 M}
satisfies the condition (II) for all i = 1,2,...,m and o, € (0,1) with 0 < lim mfn_mo al, <
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limsup,, ., o, < 1foralli =0,1,2,....m. Let vg € D and let {x,} be the sequence in D
generated by iteration process:

m
Tpt1 = Zaizz, 3)
=0

where 20 = xy, 2\ € Tywy, forall i = 1,2,...,m and Y_* o, = 1. Then {x,} converges
strongly to a common fixed point of T;, 1 = 1, 2, )

Proof. Letp € (>, F'(T;). By the nonexpansiveness of T;, we have

m - .
> anllz, = ol
1=0

m
= apllen —pll + Y and(zy, Tip)
i=1

IN

[Zn+1 =

m
< apllan —pl+ Y ol H(Tian, Tip)
=1
S Hxn _pHv (4)

which implies that lim,, . ||z, — p|| exists. For each i = 1,2,...,m, we have ||z}, — p| =
d(zL,Tip) < H(Tizn, Tip) < ||zn — p||. It follows that {||z% — p||} is bounded for all i =
1,2,...,m. Putr = maxj<j<m{sup,, ||2% — p||}. By Lemma 2.11, there is a continuous strictly
increasing convex function g : [0, 00) — [0, 00) with g(0) = 0 such that

s . . ao m . .
> il = ol? = 523l o)
= aflen - p||2+2ad Tip) —fzang B

IN

41 = pl”

< apllza —pl* + ZO&%H(Tifcn, Tip)* — E” Zazg(ll% — anll)
=1 =1

0 m
Q. . .
S ”xn —sz - En ZQZQ(H% - xn”)
i=1
It follows that
72 S _ < 2 2
- Z 9(llz, = znll) < lzn — plI> = 201 — pll>.

This implies that g(||z}, — n||) — 0 as n — oo forall i = 1,2,...,m. Since g is continuous
strictly increasing with g(0) = 0, we can conclude that ||z}, — z,|| — 0 as n — oo for all

= 1,2,..,m. Also d(z,, Tizn) < ||22 —2,]] = 0Oasn — ocoforalli = 1,2,...,m
Since that {7;}7", satisfies the condition (I), we have d(xy, ;- F(T;)) — 0. Thus there is a
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subsequence {z,, } of {z,} such that ||z, — px| < 2% for some {p} C i, F(T;) and all
k. From (4), we obtain

1
2 —prll = ll2ne = prll < 55

Next, we shall show that {py, } is Cauchy sequence in D. Notice that

IPk+1 —Pell < Pkt — oy | + [ Z0p .y — 2kl

11
S ot T oR
1

< T

This implies that {py } is Cauchy sequence in D and thus converges to ¢ € D. Since
d(pk, Tiq) < H(Tiq, Tipr) < |lg — pell

foralli =1,2,...,m and p; — q asn — oo, it follows that d(q, T;q) = O foralli = 1,2,...,;m
and thus ¢ € (2, F(T;) and {x, } converges strongly to ¢. Since lim,,_, ||z, — ¢|| exists, it
follows that {x,,} converges strongly to g. This completes the proof.

Note that in Theorem 3.1 in order to have strong convergence of the iterative sequence {z, }
defined by (3), we need to assume that {7;}7", satisfy the condition (II). In the following
theorem, we introduce a new monotone hybrid iterative scheme (2) for finding a common
element of the set of a common fixed points of a family of nonexpasive multi-valued maps
and the set of solutions of an equilibrium problem in a Hilbert space, and we prove strong
convergence of the sequence {z,,} defined by (2) without the condition (II).

Theorem 3.2. Let D be a nonempty, closed and convex subset of a real Hilbert space H.
Let f be a bifunction from D x D to R satisfying (A1)-(A4) and let T; : D — CB(D) be
nonexpansive multi-valued maps for all i = 1,2, ...,m with (\"; F(T;) N EP(f) # 0 and
Tip = {p} for each p € N2, F(T;). Assume that o}, € (0,1) with 0 < liminf,, o af, <
limsup,,_,o, @, < 1foralli =0,1,2,....m and r, € (0,00) with liminf,, . r, > 0. Then
the sequence {x,} generated by (2) converges strongly to Pﬂ?il F(T,)NEP(f)%0-

Proof. We split the proof into six steps.

Step 1. Show that P, xg is well defined for every x¢ € D.

n+1

By Lemma 2.8, we obtain that (-, F'(7;) is a closed and convex subset of D. Since
EP(f) is also closed and convex, then ();~, F'(T;) N EP(f) is a closed and convex subset of
D. From the definition of C,, 1, it follows from Lemma 2.5 that ', is closed and convex for
eachn > 0. Letv € (", F(T;) N EP(f). From u,, = T}, xy, we have

lwn — vl = | T, 20 — T 0|l < |20 — 0] )

for every n > 0. From this, we have

m m m
) T i i
lyn — ol = 11D ahz =l <D apllzh —vll = apllun — vl + Y apd(z,, Tiv)
1=0 1=0 1=1
m
0 i
< apllun = vl + Y @ H(Tiun, Tiv) < |fup = of| < ||z — o]]- (©)

1=1
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So, we have v € Cp,11, thus (2 F(T;)NEP(f) C Cpq1. Therefore P

170 18 well defined.

Step 2. Show that lim,, . ||z, — x0]| exists.

Since (", F(T;) N EP(f) is a nonempty, closed and convex subset of H, there exists a
unique v € ()%, F'(T;) N EP(f) such that

v = Pnm., p(r)nep(f)To-

From z,, = P, xo, Cp41 C Cp and 241 € Cp, Vn > 0, we get

[n = @oll < l#nt1 — 2oll, ¥n > 0.

On the other hand, as (>, F/(T;) N EP(f) C Cy, we obtain

[0 = ol < |lv = woll, ¥n > 0.

It follows that the sequence {x,, } is bounded and nondecreasing. Therefore lim,, o ||, — 20|
exists.

Step 3. Show that x,, —» w € D as n — oc.

For m > n, by the definition of C,,, we see that x,, = P¢, xo € Cy,, C C,. By Lemma
2.2, we get

zm = @nll* < llem — zoll* = llan — ol >

From Step 2, we obtain that {z,,} is Cauchy. Hence, there exists w € D such that z,, — w as
n — oo.

Step 4. Show that ||z — 2,,|| — 0 as n — oo forevery i = 1,2, .., m.

From z,,4; € Cp41, we have

lzn — Tpaa |l + | Tna1 — ynll
2|y, — Tpy1|| = 0 @)

[ = ynl|

IN N
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asn — oo. Forv € (%, F(T;) N EP(f), by Lemma 2.4 we have

m m m
lyn = o> = 1D abzl —ol> < Y abllzh —vl? =Y adah )2 — unl
1=0 =0 =1
m - .
< a%Hun—vll2+Zoz2d(z,2,Tiv)2
1=1
m . .
=) adal |z — unll?
=1
m .
< afflun =0l + > ap H(Tyun, Trv)
=1
m - -
- Zaﬁaz |2h = un ||
=1
m . .
< ||un—v\|2—Zoz%oz;llz%—unll2
=1
m . .
<l —ol? =Y adad |12 — ual.
=1

This implies that

IN

m
> abab |z — g 2 — )12 = llyn — v|?
=1

IN

M|z = yal,
where M = sup,,>o{l|zn — v|| + ||yn — v||}. By our assumptions and (7), we obtain
HZ;_unH —0asn—o00, Vi=1,2,....m. (8)

From Lemma 2.7, we obtain

|
—

T, xn — Ty, v, Ty — v)

n

l|wn — U”2 = T, 2n — TrnUHQ

—~

Up — V, Ty, — V)

{lun = ol® + llzn — vl = llzn = ual*},

N

hence

= vl|* < llzn = ol* = lzn — unl*.
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Therefore, by Lemma 2.4, we get

m m
lyn =0l = 1) ahzn —ol> < Y apllz, —olf?
=0 =0

IN

m
a0y — ol + 3 ald(=h, Tv)?
=1

IN

m

S llun —v|* + Y ol H(Tyun, Tiv)®
i=1

[y, — 0|

IN A

20 — [ = |20 — unll*.
It follows that

1z = vl* = [lym — ]|

<
< Mz —ynl,

where M = sup,,>o{[|zn — v|| + |lyn — v||}. From (7), we obtain
|xn — upl| = 0 asn — cc. )
From (8) and (9), we have

20 = 251 < ll&n = unll + lun — 23, = 0 asn — oo. (10)

Step 5. Show that w € (2, F'(T;) N EP(f).
From (9) and liminf,, ., > 0, we get

_ 1
In ) g —un| = 0, 1= 0. )
n n

From z, — w as n — oo and (9), we obtain also that wu,, — w. We shall show that
w € EP(f). By u, =T, x,, we get

1
flun,y) + T—(y—un,un —xp) >0, Yy € D.
n

From the monotonicity of f, we have

1
7<y — Unp, Un _xn> 2 f(y7un)7 \V/y S D7
hence
Up — Ty
(Y — un, 7’7> > f(y,uy), Yy € D.

n

From (11) and condition (A4), we have

0> f(y,w), Yy € D.
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Fort with0 <t < landy € D, lety, =ty + (1 — t)w. Since y,w € D and D is convex, then
y¢ € D and hence f(y;, w) < 0. So, we have

0= fye,y) <tf(yey) + (1 =) f(ye, w) < tf(ye, ).
Dividing by ¢, we obtain
Letting ¢ | 0 and from (A3), we get

f(w,y) >0, Yy € D.

Therefore, we obtain w € EP(f). Next, we will show that w € (-, F(Z;). For each
i=1,2,...,m, we have

d(w, Tiw) lw =@l + ll2n — 2]l + d(z,, Tiw)
lw = x| + [ = 2p[| + H(Tiun, Tiw)

lw = @l + ll2n = 20ll + llun —w].

ININ A

It follows from Step 4 that d(w, Tyw) = 0 and thus w € F(T;) foralli = 1,2, ..., m.
Step 6. Show that w = Pﬂﬁl F(T;)NEP(f)%0-

Since x,, = Pc, o, by Lemma 2.1, we have
(z —xp,x0 — ) <0
forall z € C,,. Since w € (;~, F(T;) N EP(f) C Cy, we get
(z —w,xg—w) <0

forall z € (X F(T;)NEP(f). Again by Lemma 2.1, we obtain that w = Pm  p(1)n P () To-
This completes the proof.

Corollary 3.3. Let D be a nonempty, closed and convex subset of a real Hilbert space H.
Let f be a bifunction from D x D to R satisfying (A1)-(A4) and let T : D — CB(D) be a
nonexpansive multi-valued map for all i = 1,2, ....m with F(T) N EP(f) # 0 and Tp = {p}
foreachp € F(T). Assume that 3, € (0,1) with 0 < liminf,_,~ 8, < limsup,,_,. fn <1
and r,, € (0,00) with liminf, o r,, > 0. For an initial point xy € D = Cy, compute the
sequence {x,} by the iterative process

f(unay) + %(y — Un, Up — xn) >0, Vy € D,

Yn = /Bnun + (1 - Bn)zna zn € Tuy,

Cnt1={2 € Cn: |lyn — 2| < ||z — 2[l},

Tny1 = Pe,, 70, 1 >0,

Then the sequence {xy} converges strongly to PrTyneP(£)To-

Proof. Putting Ty = T and T; = I fori = 2,3,...,m, where I : D — CB(D) such that
Id = {d} for all d € D in Theorem 3.2, we obtain the desired result directly from Theorem
3.2
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Corollary 3.4. Let D be a nonempty, closed and convex subset of a real Hilbert space H.
Let T : D — CB(D) be a nonexpansive multi-valued map for all i = 1,2,...,m with
F(T)N EP(f) # 0 and Tp = {p} for each p € F(T). Assume that 3, € (0,1) with
0 < liminf, o By < limsup,,_,o Bn < 1. For an initial point xo € D = Cy, compute the
sequence {x,} by the iterative process

Yn = Brnn + (1 - Bn)zna 2 € T'ry,
Crt1={2 € Cy : |lyn — 2|l < |lzn — 2|},
Tn+l = PCn+1w07 n Z 0)

Then the sequence {xy} converges strongly to Pryxo.

Proof. Putting f(x,y) = 0 for all ,y € D in Corollary 3.3, we obtain the desired result
directly from Corollary 3.3.

The main result of this paper holds true under the assumption that Tp = {p} for all p €
F(T). This condition was introduced by Shahzad and Zegeye [!”). The following example gives
an example of a nonexpansive multi-valued map 7" which satisfies the property that T'p = {p}
forall p € F(T') and T'z is not a singleton for all x ¢ F'(T).

Example. Consider D = [0, 1] x [0, 1] with the usual norm. Define T': D — C'B(D) by

i

B 0,9)}, x=0,y#0

T(x,y) {(2,0),(0,y)}, z,y#0
{(070)}7 Ty =

Open problem: Can we drop the condition that Tp = {p} for all p € F(T') in the main
result of this paper ?
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