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Abstract In this paper, we introduced the notion of weak denting point of U(X)
(respectively, uniformly dentable) and described the characterization of reflexive very convex
(respectively, uniformly convex) spaces by using the notion of weak denting point (respectively,
uniformly dentable), and studied the properties of them.
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1. Introduction and Preliminaries

Throughout this paper, X will denote a real Banach space and X will denote its conjugate
space . Set S(X)={x:xeX,0x0=1},U(X) =fx: xeX,0x0<1}, S, ={f : f eS(X"), f(x)=1="x[F}.
For a convex set CcX,ext C will denote the extreme point of C. For feS(X") and
0>0,setF(f,0) will denote the slice{x: xeU(X): f(X)>1-0}. The weak topology of X is

denoted by o(X,X") and the weak “topology of X" is denoted by o (X", X). LetDbe a
subset of X. D is said to be dentable if for any &>0 there is a X. €D such that
X, C0(D\B,(X.)), where B (x)={x:xeX,Ix—x [<e} A point XeD is said to be
denting point of D if foranye >0, we have X¢Co(D\B,(x)).

M.A Rieffel ™ first introduced the notion of dentability and proved that X has the

Radon-Nikodym property whenever every bounded subset of X is dentable. H.B.Maynard[zl
improved the result of M.A.Rieffel and proved that X has the Radon-Nikodym property if and
only if X is dentable. It is known that there is a close connection between the extreme point and
the denting point. For example, if M is a compact convex set in Banach space X, then Xis

extreme point of M if and only if Xis denting point of M. In 1993, Congxin Wu and Yongjin

Li®introduced the notion of strongly convex Banach spaces and proved that if X is reflexive
Banach space, then X is dentable if and only if every point of S(X) is denting point ofU (X).
This is only a result about describing the straight relations between dentability and convexity.
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Definition 1 Let B be a bounded subset of X. A point X, € B is said to be weakly
exposed point of B if there is a function X' € S(X") such that X"(x,) =sup{x"(X):xeB} and
for any sequence {X }< B, X'(X,) >X'(X%,),(n—>cc) imply that X, ——>X,, (N—>x<).

Definition 2 A point x,€U(X) is said to be very extreme point of U(X) if for
Ve&>0 there exists a weak neighborhood V of 0 in weak topology o( X, X" )such that for any
f € S(X")does not exist a,b eU(X)+V satisfying that f(a—b)=¢,{ta+{1-t)b}c U(X)+V,

XO:%(a+b) , Where Vte[0,1].

Definition 3 LetD be asubset of X. Dis said to be weak dentable if for any weak neig
-hborhood V of 0 in weak topology o( X, X"), there isa X, € D such thatx, ¢ 0" (D\(x, +V)).
A pointXx € D is said to be weak denting point of D if for any weak neighborhood V of 0
in weak topology o(X,X"), we have xg C0"(D\(x+V)).

Definition 4 Let D" be a subset of X'. A point X" € D" is said to be weak "~ denting
point of D™ if for any weak *neighborhood V of 0 in weak “topology o ( X", X ), we have
X ¢ t0" (D\(x,+V)).

Definition5 U (X ) is said to be uniformly dentable. If for any £>0,xe S(X ) there
exists >0 such that inf{X (x)—x"(COU(X)\B,(X))), VX €S,}>7.

6[4]

Definition A space X is said to be uniformly convex if and only if for any £>0 there

isa 0>0 such that for X, ye S(X), if %DX+yD>5, then [x-yll<e.

Definition 7! A space X is said to be very convex if and only if forany X € S (X),
{x.}=S(X)and for some x" € S, there holdsX"(x,) =1, (N—oc),then X, ——X,,(N—>x).

Definition 8% A space X is said to be strongly convex if and only if for any
xeS(X),

{x}=S(X)and forsome X" € S, there holds X"(x,) =1, (n— oc), then X, — X,,(N—>oc).

Lemma 1 X is uniformly convex if and only if forany &>0, f € S(X"), thereisa
0 >0 and some compact set C with dimC < 1such that F(f,0) c{yeX:d(y,C)<¢}.

Lemma2 Let X" beastrictly convex space. If {x}_,cU(X"),x €S(X),x' €S, ,
X' (%) =X (%), (n—>oc), then there exists anet {x’}< {X'}_, suchthat x, —¥—>x".

Proof If{X}_, cU(X"),% €S(X),X €S, , X(%)—=>X(X),(n—0c), we may assume
that x; =X, forall n=m. U(X")isweak” compact set, so there exists X €U (X") such that

oc

X, isaccumulation point of {x;},_, about weak" topology o (X", X). We construct a

family of sets A:{st:UXs is weak " neighborhood of X; inweak ™ topology o (X", X)}and
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Define a order by inclusive relation, i.e., ng; c U;S if and only if ng >~ UX’S ,thus we obtain
a ordered set A.We also construct another family of sets A:{Uyé ﬂ{x:}::l:UyG is weak "
neighborhood of X; in weak™ topology o (X", X)}, then by Zermelo axiom, there is a
mapping f suchthat f (ng X} _, )CUx; {x}_, .Put x =f (ng N{x }._, ), then
{3} c{X¥_, isanetin X and X, — X",

Denoting r=|X;(%,)|, then r=L. Otherwise, 0 < r <1, we consider a neighborhood

{Z*:|z*(x0)—x;(x0)|<%(1—r)} of point X;.Because | X/( %, )|—1, there is an integer N such that

for all n>N there holds inequality |){j(>g))|>r—;Ll , hence{xr’j:| X: (%) |<r7+1}is finite set,

furthermore, there exists a weak ™ neighborhood V in weak” topology o (X", X) such that

oy r+1
{xnzlxn<xo)|< :

— }nv =@ because of (X", X) is Hausdorff topology. By X, —Y—x,

we know that there is a ¢, such that for & >~ ¢, there holds X e{z"| z*(xo)—>{§(xo)|<%(1—r)}ﬂv.

One hand, by xZe{z*:|z*(xo)—)g(x0)|<%(1—r)},we have |)§(>%)|<r7ﬂ.0n the other hand,

by {3015, 42117 (k) 4 < SE-DINV anc {x:zlx:(x;)|<r7”}mv=®, we

have |XZ(>%)|>%1,which leads to a contradiction, this shows thatXx;(%, )=+l Noticing that

X(%)=L

and the hypothesis that Xis strictly convex, we have x;=%X", but x;=—Xis impossible because

of X, —L%, X (%)X (%), (n—ec) and{x’},_, = {X}*_,, which leads to X —¥>x’.

aeA

2. Main Results and Proof

Theorem 1 Let X be a reflexive Banach space. Then X is very convex if and only if every
point of S(X) is weak denting point of U (X).

Proof We divide the proof into three parts. Firstly, we will prove that if every point of
S(X) is weak denting point of U (X),then X is strictly convex.

Suppose that X is not strictly convex, then there exist three different point X, X, X, in

S(X)suchthat x, = % X, +% X, .We choose a scalar | >0 and define an linear functional f
on a subspace X, ={ax + £%,: &, f € R}of X such that f,(ax, + X,) =a(l + &)+ S(l —¢)



Advances in Systems Science and Applications (2011), Vol.11, No.1-2 113

for some £>0.Since X, is finite dimensional subspace of X, then there exists a real number
M>0 suchthat || f,||<M. By Hahn-Banach theorem, there exists f e S(X") such that
|| fI<M and f(y)=f,(y) whenever y e X,. Therefore we have
f(x)="F(x)=f,(x,+0x,)=(+¢&)+0(l-¢)=1+¢,
f(x,)="1,(x,)=f,(0x,+x,)=0(l+¢&)+(l-¢)=1-¢,

1 1 1 1 1 1
f(x)="f (Exi+5x2j: f (Exi+5x2j:§(l +g)+E(I—g):I.

We consider a weak neighborhood X, +V ={X X |f(x)—f(X0) |<§}of X, in weak topology

o(X,X"), where V denotes the weak neighborhood of 0 in weak topology (X, X"), then
X, X, & X, +V, hence X, X, €U (X)\ (X, +V), it follows that X, €€0" (U (X)\(x, +V)).
This contradicts that X, is weak denting point of U (X).

Secondly, we will prove the necessity of theorem 1.

By Hahn-Banach theorem, we know that forVx e S(X) there existsa f € S (X") such
that f (X)=L.1f x, e U(X), f(x) =1, (n—> o), then [|X [[>1, (n—>oc). Let yn:ﬁ, then
X

f(y,) > 1.Because X is very convex (which implies strictly convex), we f(x)> f(U(X)\{x})
andy —— X, (n—oc).On the other hand, |f(x,—x)| <0f0x, -y, 0+0f -0y, —x[J, hence
| f(x,)—f(X)|—0, (n—>oc). This shows that x is weakly exposed point of U(X)and f is
corresponding weakly exposing function. If yeU(X)\(x+V) (where V is the weak
neighborhood of 0 in weak topology (X, X"),then there exists scalar m >Qsuch that
f(x)> f(y)+m, hence f()—m>sup{ f (y): y eUX)\(x+V ) | =sup{ f (y): y e®0"UX)\ (x+V))},

This shows that xeC0"(U(X)\(x+V)), hence X is weak denting point of U (X).

Thirdly, we will prove the sufficiency of theorem 1.

Suppose that VxeS(X),{X,},,<=S(X)and f(X,)—>1,(n—>cx)forsomefeS,.
By the reflexivity of X, we know that U (X) is weak sequential compact, hence there exists a
subsequence {X, }, ={X,}, suchthat x —— X', (k—oc). Because U (X) is closed
convex set, we have U(X)=U(X) =U(X)W, hence [X[1.0n the other hand, OXJ>f(x)=1.
This shows that [Ix[1=1.By f(x)= f (X') =1 and the fact that X is strictly convex, we have x =X.
Furthermore, we can deduce that X, ——> X', (n— oc), this shows that X is very convex.
Assume the contrary,i.e., there exist weak neighborhood X+V of Xin weak topology o ( X, X*),

and a subsequence{x, }, ={x, },; such that X, #X+V. By the assumption that every point

of S(X)is weak denting point of U (X), we have X ¢ C0" (U (X)\(x+V)). Hence there is
a function ge X" =0 (X, X")" which separates x and TO" (U (X)\(x+V)), i.e., thereis
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a scalar r>0 such
that g(X) —r >supg(c0” (U (X)\ (x+V))).Evidently, x, €00"U(X)\(x+V)),
thus g(x)—g(x,)>r. On the other hand, By the reflexivity of X, we know that there exist a
subsequence {XniI $a={x, Koy such that {XniI }-, converges weakly to x . Which contradicts
that g(x)—g(x,)>T..

Theorem 2 X is uniformly convex if and only if U(X) is uniformly dentable and

reflexive.
Proof We divide the proof into three parts. Firstly, we will prove that X is uniformly

convex if and only if forany & >0,X" € S(X"),thereexists 6 >0,X, € S(X) such that
X" (%) =1, then F(X',0)={x: xe X, [x—x|<é&}.

Suppose that X is uniformly convex. By lemma 1 we know that for any &>0,X" €S(X"),
there exist a scalar & > 0 and a compact set C with dimC <1 suchthat F(X*,0)c {X I Xe
d(X,C)<g}.Let Xxe F(X",8),then x*(X)>1-5.Weselecta & >0,x, € S(X) such that
X"(X,) =1 because of uniform convexity implies reflexivity, then X*(X)=X"(x,)—J, it

X+ X
follows that 0

> X" (X,) —g = 1—%. By the assumption that X is uniformly convex, we

have [1X— X, [ &.This shows that F(X*,§)c{x tXxeX, ||X—x0||<£}.
Conversely, suppose that for any ¢ >0,Xx" € S(X"), there exists 0>0,X, € S(X)
such that X" (X,) =1, then F(x',5)c{x:xeX,|x—x|<&}.By lemma 1 we know

that X is uniformly convex.

Secondly, we will prove the necessity of theorem 2.
Suppose that X is  uniformly  convex. Evidently, X is  reflexive.

Let Xxe S(X),x €S,.
By we have proved above, there exist & >0 such that F(x',0)c{y: yeX, |y—{ <z} ie.,
if X" (X) = X"(y) < &, then |ly—x| <&.Hence, for y €U (X)\B,(x),wehave |y—x|>e¢.

(where Bg(x):{y:yeX,||y—X||<g} ). We take n:g, then X' (X)—X'(y)>o>n.

Therefore,
inf{X"(x) — x"(co(U (X)\ B,(x)))}= & > n.This shows that U (X) is uniformly dentable.
Thirdly, we will prove the sufficiency of theorem 2.
By the reflexivity of X, we know that for X € S(X™) there exists X, € S(X) such that
X" (X,) = 1. Hence, there exists 77>0 such that {X*(XO)—X*(E)(U(X)\ B.(%,)))}>n because

of U (X) is uniformly dentable. We take 7 = ¢ and let x € F(x*,5), thenx"(x)>1-0,
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i.e., X" (%) —X"(X) <& =17.By the inequality {x*(xo)—x*(C_O(U(X)\ B, (%,)))}> 77, we have
xeB,(%)={x: xe X, [x—x;| <£}.This shows that F(X', ) ={ y : ye X, [y—x| < |.By we

have proved above, we know that X is uniformly convex.
Theorem 3 If X "is strictly convex space, then weak* denting points of U (X" ) are dense

in S(X%).

Proof Firstly, we will prove that if for X" € S(X") there exists X, € S(X) such that
X" (X,) =1, then X" is weak™ denting points of U (X" ).For any weak”™ neighborhood V of 0
inweak” topology o(X", X), there exists a scalar r>0 such that for any y* eU(X")\(X" +V)
there holds inequality X" (X,) > y*(X,)+r.Assume the contrary,i.e., X'(¥,) =supX,(U(X)\ (X" +V)),
it is obvious that there exists 'y, eU(X*)\ (X" +V) suchthat y;(X,) =X (%) =1,(n—>x).
By Lemma 2, we know that thereisa {x"} _, < {y’}_, suchthat x, —*—x", which

contradicts to that y, eU(X")\(x"+V).Thus
X'(X,)—r ZSup{y*(xO) Yy eU(XH)\ (X +V) }

=sup{y"(%,):y €coU (X )\ (X" +V))]
>sup{y’(x):y" €t0" (U(X)\(X +V))},
hence X, 2C0" (U(X")\(X +V)).This shows that X" is weak "denting points of U (X").
Secondly, we will prove that for any X* € S(X*) and V& >0thereisa y* e S(X")

which attains its normon S (X ) such that Hy - X H <Eé.

25(1-
LetX" €S(X").For Ve>0,take a 7€(0,1)such that0<(—77)<g.We consider

4(57-1)
the norm neighborhood { 2" —nx <_T} of 77x" in norm topology (X *,[J-[J), then
E< * <w. Thus
| 8 I I 1 3
Lo _4 +(n-1) A . =M<g.
4 5p-1 57-1 \57-1 4(57-1)

£

ol such

By Bishp-Phelp theorem, we know that there exist z5 € X", 7, € S(X) with Z;(z,)=|z

i/ A *:Z—;,h : =land |y" - X :
< 2 }Ta ing y HZSHteny(ZO) an Hy XH<8

this shows that weak ™ denting points of U (X") are densein S (X").

2" —nx’

that z, e{ z":
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Theorem4 Let D be a bounded closed convex set of X.Then D is weak dentable if
and only if for any weak neighborhood V of 0 in weak topology o ( X , X*), there is aslice
S(X', e, D):{y: yeD,x*(y)>smx*(D)—a}and X, € S(X", ¢, D) such that S(X",, D) %, +V.
Where o >0.

Proof Sufficiency. For any f, f,,---,f € X"and &>0, letV :i(n]l{x : |fi(x) |< & }
then, by the conditions given here, we know that there exist a slice X, € S(X*,a, D) and

X, € S(X",,D) suchthat S(x*,a,D)c X, +V, itfollows thatx"(x,) >supx"(D) - .
Noticing that
D\(V +X,) = D\S(x",a,D).={y:yeD, x'(y) <supx'(D)-a} and

{y: yeD, x"(y) <sup X*(D)—a} is weak closed convex set of weak topology o( X, X"),we
know that T"(D\(%,+V)) ={y:yeD, X(y) < supX'(D)-a |, it follows that

X, €C0" (D \ (X, +V)), this shows that D is weak dentable.
Necessity. Suppose that D is weak dentable. For any f,, f,,---, f € X and &> 0, let

Vv =i(_]l{x : | f.(x) < %} Then, there a is X, € X such thatx, 0" (D \ (X, +V )). Hence

there is a function X €X” which separates X, and TO"(D\(X,+V)), i.e., there is a

scalar r >0 such that X"(X,)—r >supx (C0"(D\(x, +V))).

Leta =sup X (D) —X"(X,)+r,then X" (X, ) =supx" (D) +r—a >supx’ (D) -«,
this shows that x, € S(x", @, D). Furthermore, forany y € S(x*,«, D), we can deduce
X(y)>supx’(D)—a =supx’ (D)—-supx (D)+Xx"(x,)—r=x(X,)—r, which leads
to yeX,+V. Otherwise, y & x,+V, furthermore yeD\(x,+V)ct0"(D\(x,+V)). By the
inequality X" (X,)—r>supX'(€0"(D\(x,+V))), we have X'(X,)—r>X(y). A contradiction.

Theorem5 Let X be a reflexive Banach space. If every point of S(X) is weak denting
point of U (X), then every point of S(X) is weakly exposed point of U (X).

Proof Suppose that X, € S(X) is weak denting point of U(X), by Hahn-Banach
Theorem we know that there is a function X, € S(X") such that X, (X, ) =1.We will prove

that if X, attains its norm at another pointy, € S(X), then X, =Y, .Otherwise, X, #Y,, it

=1.By Hahn-Banach

1 1
E(yo-q-xo) <1,thus E(y0+Xo)

1.
is obvious that 1= 5% (Yo+%)<

Theorem we know that there is a function ;e S(X")such that Y; (Y, ) # ¥, (X%, )-We consider

3 Iyé(yo)—y;‘(xo)l}
4

a weak neighborhood V :{X:

* 1 - 1
yo(X_E(Y()"'Xo)) of point E(YO +Xo)v
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it is clear that X,, Y, &V, thus X, Yo €U (X )\V, furthermore %(y0+x0) et0"(U(X)\V),

this shows that%( Yo + xo) is not weak denting point of U (X),which contradicts to the
hypothesis that every point of S(X) is weak denting point of U (X).

f{x}_, cU(X),%x(x,)=>X%(X%)=L (n—x), then, by the hypothesis that X is reflexive
space we know that there exist{x, };_, c{x,},_;and x € U (X) such thatx, — X, (K — ).
Hence x(X, ) =X (X)=%(%)=1, (k—>oc), it follows that||x|| > 1, this shows that x € S(X).
By the proof above, we have X = X;, thusX, — X;,(k — ) and we can deduce that
X, ——> X,, (N = o). 1f{X, },_, does not converges weakly to X, ,then there exist a weak
neighborhood V, of 0 in weak topology o ( X, X") and a subsequence % ¥ of {X, J,_; such
that{x, }_, (X, +V,) = . Noticing that X, is weak denting point of U (X) , we know that
%, 00" (U(X)\ (%, +V,)).Hence there is a function X" € X" which separates 0" (U(X)\ (%, +V,))
and X, , i.e., there is a scalar r > Osuch that X" (X,)—r >supx"(€0" (U (X)\ (X, +V,))).

Noticing that {x }_,(¢+V )=, we have x, eU(X)\(x+V;)=T0"U(X)\(X,+\,)).
By the inequality X"(X,)—r >supx" (€0 (U(X)\ (%, +V,))),we haveX (x)—r>X(x,).On the
other hand, by we have proved above, there exists a subsequence {xnj ¥, of {)g1 }~, suchthat
{x, }j_. converges weakly to X,, which leads to X" (X, )~ >X"(X,). A contradiction. Hence
X, € S(X) is weakly exposed point of U (X).

Theorem6 Let X be a separable reflexive Banach space. If x, €U (X) is extreme
pointof U (X), thenX, € S(X) is weak denting point of U (X).

Proof Suppose that X, € U (X)) is extreme point of U (X).1fX, € S(X) is not weak
denting point of U(X), then there exists a weak neighborhood V of 0 in weak topology o( X, X*)
such that x, €00" (U(X)\(x%,+V)). Noticing that 00" U(X)\(x,+V)) cU(X) and the assumption
that X is reflexive Banach space, we know that €0" (U (X )\ (X, +V)) is weak compact set. By
Krein-Milman theorem, we have €0"(ext€0" (U (X )\ (X, +V))) =c0" (U (X )\(x,+V)), hence

extco" (U (X)\ (X% +V)) cU(X)\ (%, +V ). In fact, by the assumption that X is separable
Banach space, we know that weak topology o(X,X") is metrizable space, hence, for
anyx € extCo " (U (X )\ (X, +V )), there exists a sequence {t X, + (1—t,)y, }, _, such
that

t.X, +@—t,)y, ——>X,(n—>o0).Where t, €[0,1], X,, ¥, €U(X)\(X,+V ). Bythe
\yo,
t, =%, (—09). It is obvious that t, €[01], %, Y, UX)\ (%, +V) and £+ )Y, ——%

w

reflexivity of X, we know that there exists a sequence {n| <{n|such thatx ——>X,, ¥,
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thus X =ty X, +(1—t,) ¥, .-

Case (I): Ift,; =0, thenx=y, eU(X)\(x,+V )

Case (I): If t,=1, thenx=x,€U(X)\(x,+V) ;
Case (I11): I t, € (0,1), then, by X;, Y, €U (X )\ (X, +U )" =T (U (X)\ (% +V))

and X e extT0o" (U (X )\ (X, +V)), we have x=X, =Y, € U(X)\(x, +V )" . Combining

case (I),(11) and (111), we have extTO " (U (X )\ (X, +V )) cU (X )\ (x, +V ) .Because
ext (U (X )NTO"(U (X )\ (X, +V))) cextto” (U (X )\ (X, +V)) , wehave
X, €extT0Y (U (X )\ (%, +V))cU(X)\(x,+V) .This s a contradiction.

Theorem7 If X, € S(X) is weak denting point of U (X) , then X, is very extreme
pointof U (X) .

Proof Suppose that X, €S(X) is not very extreme point ofU(X ), then there existe, >0,

f,€S(X") such that for any neighborhood V of 0 in weak topology o ( X , X™), there exists
a,b eU(X)+V satisfying that X, :% (a+h),| f(a—b)|=5 ,{ta+(l—t) b} cU(X)+V ,where vt €[01].

We consider a weak neighborhood V :{x 2 (%) |<%’}of 0 in weak topology o( X, X*)

and a family of sets {Vé} (where V; is balanced convex neighborhood of 0 in weak topology
o(X,X"), then weak topology o ( X , X ) has a neighborhood base {Vg Nnv } of 0. For any
V, NV , there exist a,,b; eU(X)+(U,NV) satisfying that X, :%(a5 +h,),| f(a;—by)| =&,
{ta, + 1-t)b,}cU(X)+V; NV ,where V[0
Leta, =aj+aj, by =b; +b; (whereaj,b; eU(X),aj,bj eV, NV ), then
=5 (@ )+ 2 (@ b) . [fula, )| o (8, =B -2

' , & & &
[ 0@ = x0)| 2 [ To(@; = x0)|= | fo(a; —a,) ]2 =2 =72 =22
Noticing that U (X) is convex setand V1V is balanced convex set, we know that

1 1 1
@0 U(X), J(@]+b]) eV, NV, —— (@ +b)) eV, NV.

&
LetV, ={x:| o (X)| <€°} It is obvious thata & X, +V, . Similarly, b} & X, +V, . Hence
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2 b! €U (X)\ (% +V), furthermore, %(a;+b;) € 00U (X)\ (%, +V,)).
On the other hand, %(ag+b;) =X, —%(agwtb;) and —%(ag +b})eV;MNV, sowe have

%(a;+b;)ex0+vgﬂv. Because {V,;MV| is neighborhood base of 0 in weak

topology o ( X, X ), from the definition of weak closure about weak topology o ( X , X*),we
know that X, 00" (U(X)\ (X, +V,))-Which contradicts that x, € S(X) is weak denting point of
U(X).

Theorem8 Let X be a reflexive separable Banach space. X x X is a Banach space with
the norm O(x,y)l=max{Ox00y0}. If x,X, are weak denting points
of U (X)), then (X, X,) is weak denting point of U (X)xU (X)=U (X x X)..

Proof Suppose that X, X, are weak denting points of U (X).By theorem 7 we know
that X, X, are very extreme points of U (X). It is obvious that X,X, are extreme points
of U(X). We will prove that (X,X,) is extreme point of U(X)xU(X). If

(Yo o) (21, 2,) €U (X)xU(X)

1 1 1 1 1 1 1 1
and (X,%,) :E(yl’ y2)+5(21 ’ ZZ):(§y1+Ezi vEyz +Ezz)1then X :E(yl+z1)vxz :E(yz +Zz)'
Hence X=Y,=2,%=Y,=1,. This shows
that (X, X,) = (Y, Y,) =(z,,2,). Therefore (X, X,) is extreme point of U (X)xU(X). By
Theorem 6, (X;, X,) is weak denting point of U (X)xU (X)=U (X x X).

Theorem9 Let X be a very convex space and X x X is a Banach space with the norm
O(x, y)=max{OxO0y0}. 1f x,y, €S(X), then (x,¥;) is weak denting point

ofU(X x X). IfUx =10y, [k1, then(x,Y,) isnotweak denting point ofU (X x X).
Proof Firstly, we will prove that o(X x X, (X x X)) =o (X, X)) xo(X, X").
ForVe>0, f e(XxX)", we consider a eighborhood{(X, y): | f(x, y)| < ¢&}of(0,0)in

weak topology o(X x X, (X x X)*) and define f,(X) = f (x,0), f,(X)=f(0,x) forany x € X,

then || f, (X)” < || f ||||X|| and f, (i=1,2) are linear functions. This shows that

f eX’,(i=12).We construct a set G:{x:|f1(x)|<g}x{x:|f2(x)|<§}, then G is open set
in (X, X')xa(X, X).
Forany (X,Yy)e G,we have| f(x, y)| S| f (X,O)|+| f (0, y)| S| fl(x)|+| fz(y)| <§+§=5, hence

G c{(x,y):| f(X,y)|< &} This shows that topology o(X, X" )xa (X, X") is smaller than
topology o (X x X, (X x X)*).

ForVe>0,f,f, e X", we also consider the above open setG in topology and define
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fooy)=f,(0, g y)="F,(x) for (x,y)eXxX, then | f(x, y)|<|f.]|x]| <] f.l]x ).
||g(x, y)||£|| f2||||x||£|| f2||||(x, y)|| and f(X,Yy), g(x,y) are linear functions. This shows
that f,ge(XxX)", we consider a

neighborhood {(x, y):| f(x y)| < g}ﬂ {(X, y):|g(x, y)| <§}of (0,0)

in weak topology o(X x X, (X x X)), then {(x, y): | f(x, y)| < %}ﬂ{()‘, y): |9(X, Y)| < g} cG.

This shows that topology o(X x X, (X x X)") is smaller than topology o(X, X")xo(X, X"). This
completes the proof that o(X x X,(XxX)") =o(X, X" )xo (X, X").

Secondly, we will prove that if X, y; € S(X), then (X, Y, ) is weak denting point of U(X x X).

If X,y,€S(X), then, by Hahn Banach Theorem we know that there
exists fe€S(X") such that f(x)=1. We choose X €U(X) with ||Xn|| =1, such
that f,(x,) = f,(x) =1,(n—>).

By the assumption that X is very convex space, we have X, ——> X, (N — ) . It follows
that for any weak neighborhood V of 0 in weak topology o ( X, X*), there exists I, >0 such
that for any xeU(X)\(x +V) there holds f(x)=1>f(x)+r. Otherwise, there
exists  x, €eU(X)\(x,+V)  such that  f(x,)>1,(n— ),  which leads
to X, ——X,(N—o0). This contradicts that X, eU(X)\(x+V) .Similarly, there
exists f,e€ S(X")such that f,(y,)=1and for any weak neighborhood V of 0 in weak
topology o(X,X"), there exists r, >0 such that for any yeU (X)\(y1+V) there

holds f,(y,)=1> f,(y)+r,. For any (x,y)e XxX, let f(x,y)=f(X)+ f,(y),
then f is linear function on X x X, and

|1 G 6,001+ I G Ll < 24+ [l I+

A e A S e M TN R s L T

This shows that f € (X x X)*.
We consider any weak neighborhood W of (0,0) in weak topology

(X x X, (Xx X)) and notice that X, Y, € S(X), then,
by o(XxX,(XxX)) =oc(X,X)xco(X,X"), we know that there exists a weak
neighborhood \Y of 0 in weak topology a(X,X") such
that (x, +V )x(y, +V ) < (x, ) +W. For (X,y) € (U(X)xUX))N((x +V )x(y,+V)), we
have X eU(X)\(x, +V) or xeU(X)\(y, +V ). Without loss of generality, we may assume
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that xeU(X)\(x+V), then
f(xl7 yl)_ f (X, y) =(f1(xl)_ fl(X))+(f2(Y1)_ fz(Y)) > k1 Thus

f(xy) =k 2 sup{ f(x,y):(x,y) U (X)xUX)\ (% +V)x(y, +V) }
2sup{ f(xy):(xy) €U (X)xU X))\ (%, ;) +W) |
=sup{ f(x,y):(xy) €TOU (X)xU(X)\((x, ¥;) +W)) }

=sup{ f(x,y):(x,y) €C0" (U (X)xU(X)\((x,y,) +W))}.
Hence (x;,Y;) €T0" (U (X)xU (X)\((X,Y,) +W)). Obviously,
U(X xX)=U(X)xU(X),
which leads to (x;,Y;) €C0" (U (X x X)\((x,,y,)+W)), this shows that (X, Y,) is weak
denting point ofU (X x X).
Thirdly, we will prove that if [Ix =1y, (< then (X,)) is not weak denting point of U(XxX).

Case (i). Ifx, €S(X),0y,(=a,ae(01), then, there exist)/=[1%aj'yvy":(l Z;aZaj'yl

such that [y’ 0<0y -y, [+[] y1D=E(1—a)+a<1 Ly'O<0y" =y, O+ le=E(1—a)+a<1. By

Hahn-Banach Theorem, there exists f € X “such that f(y,)=L1, f(y) 1 f()/') 12_3:61
hence f(y'— yl)— Y -y)= —2_—3:aand & :%.We consider a weak neighborhood
a

o] F(x=y,) |<go}of y, in weak topology o( X, X*), then{x:| f(X—Y,)|<&}can be written by
| f(x=y)kkg}=Y,+V',where V' is a weak neighborhood of 0 in weak topology o( X, X").
Evidently, Y, y" ¢y, +V', itfollows that(x, y"), (X, y") € U(X)xU(X)\(x, +V)(y, +V").
By o(X x X,(Xx X)) =0c(X, X*)xo(X, X*),we know that there exists a weak neighborhood
V of 0 in weak topology o (X, X") such that (X, ¥,) +V < (% +V")x(y, +V'). Noticing
that (X, Y;) =%(x1, y)+ %(xl, y") and the equality U (X x X) =U (X)xU(X), we have
(%, ¥) € U(X)xU(X)\(x +V)x(y, +V")) ccoU (X x X)\((x, Y,)+V)), furthermore,
(X, ¥,) €T U (X x X)\ (%, ¥,) +V)). Hence, (X, Y,) is not weak denting point o U(X x X).

Case (ii). If y,=0,x€S(X), IetZEU(X),DzD:%. By Hahn-Banach Theorem, there

exists f eX” such that f(z)=1We consider a neighborhoodV’= { |f(x)| }of 0 in weak
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topology o(X,X"), then z,—-z¢V'. Which leads
00¢,2) , (%,-2) € UX)XUN (g +V)x (0+V')).
Similar to case (i), there exists a V such that (x,,0) < (x, +V")x(0+V’). Noticing that(x,,0) =

% (%, z)% (x,—2), we have (x,0) 00" (U(XxX)\(x +V")x(0+V")) 0" U(XxX)\((x,0)+V)).

This shows that (X, 0) is not weak denting point ofU (X x X)..
Theorem10 Let X be a strongly convex space. X x X is a Banach space with the

norm 0(x, y)[=max{Ox00y0}. If x,y, €S(X), then (X,y,) is denting point
of U(X x X).If Ux, [=1,l]y, [1, then (X;,Y,) is not denting point of U (X x X).

Proof Case (i). X, Y; € S(X).Using a similar method to that used in the proof of
theorem 9, We can prove that (X, y;) is denting point of U (X x X).

Case (ii). Ux [=1,0y,[k1. By the assumption that X is strongly convex space, we know

that X is very convex space. By theorem 9, we know that (X, y,) is not weak denting point
of U(XxX), so there exists a weak neighborhood V of (0,0) in weak

topology o( X, X"), such that (X, Y;) €00"(U(XxX)\(X,¥;)+V).It is obvious that there
exists a scalar e>0 such that B.(x.,Yy,) = (x,y,)+V.

Hence (¥, 1) 0" UX < X)\B (% , 1)) =00UXxX)\B (% , ).
This shows that (X;, y;) is not denting point of U (X x X).
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