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Abstract: The paper addresses the problem of stability analysis of a switched positive coupled
system that describes the interaction of a nonlinear differential subsystem with nonlinearities of a
sector type and a linear functional difference one. The case is studied where the considered system
contains both point-wise and distributed delays. A special construction of a diagonal Lyapunov-
—Krasovskii functional is suggested that allows for deriving new absolute stability conditions,
i.e., conditions under which the zero solution of the system is asymptotically stable for any
admissible nonlinearities and any admissible switching signal. These conditions are formulated
in terms of solvability of a system of linear algebraic inequalities. A constructive approach for
finding the Lyapunov—Krasovskii functional parameters via the solution of the above inequalities
is proposed. In addition, a discrete-time counterpart of a switched positive coupled system is
considered. Constraints on the digitization step and the system parameters are obtained under
which the discrete-time system is absolutely stable, as well. An illustrative example is given to
demonstrate the application of the developed approaches.
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1. INTRODUCTION

One of the urgent and challenging problems in modern control theory is the stability
investigation of positive systems [10, 15, 18]. Positivity of a dynamical system means
that its trajectories starting from non-negative initial conditions remain non-negative as
time increases. Interest in such systems is driven by their wide range of applications (see
[4,7,10,15,18,21] and the references cited therein).

Most known stability conditions have been established for linear time-invariant
positive systems [10, 12, 15, 18]. However, when solving numerous applied problems, the
mathematical models employed should account for factors such as nonlinearity, time-varying
behavior, uncertainties in system parameters, as well as time-delay effects.

Among non-stationary systems, switched systems are of particular interest. These systems
consist of families of subsystems and rules governing the switching between them (switching
laws) [20]. It is well known [20] that the properties of individual subsystems cannot be
directly extended to the corresponding switched system. Moreover, in practice, the operating
sequence of subsystems is often unknown; therefore, it is necessary to ensure stability of the
resulting modes under any admissible switching signal.

The main approach to addressing this problem involves finding a common Lyapunov
function or a Lyapunov—Krasovskii functional for the studied family of subsystems. With
the aid of this approach, a set of results on the stability of both linear and nonlinear positive
switched systems has been obtained (see, e.g., [2,5, 6,20,25] and the bibliography therein).
The present paper continues research in this direction.
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We consider a nonlinear switched positive coupled system with point-wise and distributed
delay that describes the interaction between a Persidskii-type differential system [18] and a
linear functional difference system. Coupled systems are widely used for modeling processes
in chemical engineering and hydrodynamics, lossless transmission lines in electrical
engineering, epidemiological processes, as well as in various other applications [1, 24, 27].
Furthermore, neutral-type delay differential equations can be reduced to this form [13].

Some methods for the stability analysis of linear coupled systems were proposed in
[12, 16,19, 23,26, 28]. For nonlinear systems, results based on the Lyapunov direct method
have been obtained in [14]. Stability conditions were formulated in terms of the existence of
Lyapunov—Krasovskii functionals possessing specific properties. However, it should be noted
that general constructive approaches for finding such functionals have not yet been developed.

Stability of positive coupled systems has been investigated in [3, 5, 8, 22, 23, 28]. With
the aid of the comparison method, conditions for exponential stability of nonlinear systems
and linear systems with time-varying delays were established [22,23]. A special approach
based on input—output mathematical models was proposed in [8] to derive robust stability
conditions for linear systems. Linear and diagonal Lyapunov—Krasovskii functionals were
constructed for a class of nonlinear positive switched coupled system with constant delay
in [5] and [3], respectively; the existence of such functionals guaranteed the asymptotic
stability of the considered system under any admissible switching law.

At the same time, it is worth mentioning that in wide range of practical problems models
in the form of coupled systems with distributed delays are used (see, e.g., [1, 11, 12, 19]).
The aim of the present work is to extend the results of [3] to the case of coupled systems
containing both point-wise and distributed delays.

Furthermore, a discrete-time counterpart of a switched positive coupled system will be
studied. In [9], it was noted that the stability problem for discrete-time coupled systems is
insufficiently investigated. In particular, an exponential stability condition for linear time-
invariant discrete-time coupled systems with delays was derived in [9], whereas a sufficient
condition for ensuring the stability of the discrete-time coupled homogeneous delay systems
was presented in [17]. However, in the above papers, non-switched systems were considered.
In this contribution, with the aid of a special construction of Lyapunov—Krasovskii functional,
a new result on the asymptotic stability under arbitrary switching will be obtained for the
investigated discrete-time coupled system.

2. STATEMENT OF THE PROBLEM

We introduce some notations that will be used in this paper.

Let R be the field of real numbers, whereas R' and R”*? denote the [-dimensional
Euclidean space and the vector space of [ X p matrices, respectively. Inequalities between
vectors are understood component-wise. For a set of vectors 2y, ..., 2y € R!, max,—; .
is also understood component-wise. A matrix A € R!*? is nonnegative if all its entries
are greater than or equal to zero. A matrix is called Metzler if all its off-diagonal entries
are nonnegative. A matrix B € R™*! whose eigenvalues are all less than one in absolute
value is called a Schur matrix. A diagonal matrix ) € R™*! with the elements wy,...,w;
on the main diagonal will be denoted by diag{wi, . ..,w;}. Let 1; € R be the vector whose

!
components are all equal to 1 and [; be the identity matrix in R If A, = {a(s)} ,
ij=1

ij
n A~ l ~ .. .
s=1,...,N, then A = {aij}ijzl’ where a;; = maxs—,_ N agj), i,j=1,...,1. For a given

number d > 0, PC([—d,0), R™) denotes the space of bounded right piece-wise continuous
functions (§) : [—d,0) — R™ with the norm [|0||4 = supec|_q) [|0(S) ||, where || - || is the
Euclidean norm of a vector.
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Let the switched coupled differential-difference system

6) = AWa(t) + Byl =)+ C, [ tﬁy@da
. (1)
V(t) = F W) + Gt =)+ Qo [ (6

be given. We assume that ¢ > 0, z(t) € R” 8 € R™, the switching signal o = o(t) is
a piece-wise constant function, o : [0, +00) 1,. N }, B and 7 are constant positive
delays, A; € R™*", B, C, € ]Rnxm F € ]RmX” GS,QS € R™*™ are constant matrices,
s=1,...,N, U(z) is continuous for = € R™ vector function of the separable type, i.e.,
U(x) = (¢1(21),. .-, ¥n(2,))" and the scalar functions 1;(z;) satisfy the sector conditions
xii(x;) >0 for x; #0, i =1,...,n. Let the function o(¢) admit only finitely many
discontinuities on every bounded time interval.

Thus, (1) is a complex system describing the interaction of the Persidskii type system

(see [18])
#(t) = A;W(2(1))

and the functional difference system
t
o) =Gt = 7)+Qu [ yl6)ie
i—p

Solutions (" (¢),y" ()" = (z" (¢, to,20,0),y" (t,t0,20,0))" of (1) are defined via
initial conditions ¢y > 0, z(ty) = xg € R™, y(to + &) = 0(¢) € PC(|—d,0),R™), where d =
max{7; f}. Denote by y; the restriction of the corresponding component of a solution to the
segment [t — d,t),1.e.,y; : &= y(t+ &) for £ € [—d,0).

In this contribution, we consider the case where the system (1) is positive. From the results
of [23] it follows that this is fulfilled if and only if the matrices A are Metzler and the matrices
Bs, O, F, G, Qs are nonnegative, s = 1,..., N.

The system (1) admits the zero solution. Our goal is to determine the conditions of
stability for this solution.

Definition 2.1:
The system (1) is absolutely stable if its zero solution is asymptotically stable for any
admissible function V(x) and any admissible switching signal.

Our analysis will be based on the Lyapunov direct method. A special construction of the
Lyapunov—Krasovskii functional candidate will be proposed, and constraints on the system
parameters will be derived under which this functional solves the absolute stability problem
for (1).

In addition, we will study the stability of the zero solution of a discrete-time counterpart
of (1).

3. ABSOLUTE STABILITY CONDITIONS

We impose the following restrictions on the investigated system.

Assumption 3.1:
Let G + Q) be a Schur matrix.

It is known (see [18]) that Assumptlon 3.1 1mphes that the matrix G + Q 1,,, is Metzler
and Hurwitz, whereas L = (I,, — G — 8Q)~" is nonnegative matrix.
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Assumption 3.2:
There exist a positive vector ¢ € R™ and a number o such that

(Ay 4+ B,LF + BC,LF)¢ < oy(, s=1,...,N.

Assumption 3.3:
There exist a positive vector 1 € R™ and a number oy such that

As—f—BTLﬁ—i—BC' LF "m<aem, s,rp=1,...,N.
p

Theorem 3.1:
Let Assumptions 3.1-3.3 be satisfied and oy + as < 0. Then the system (1) is absolutely
stable for any T > 0.

Proof
Construct a diagonal Lyapunov—Krasovskii functional candidate for (1) in the form

t
t—1

n x5 (t)
Vi =23 w [ wtwdar [ 5 ©M

t

+o [ (E—t+ By (OTy()de. (2)

B Jis
Here A = diag{\,..., A}, ['=diag{v,...,vm} and w;, A;,7, are positive tuning
parameters, ¢ = 1,...,n, [ =1,...,m. Consider the derivative of the functional (2) along

the solutions of the system (1). One obtains

V=207 (2(1)Q (Aglll(x(t)) LByt —1)+C, /tﬁ y(g)dg)

(B a0)+ Gt =)+ Q. [ wee) = (FU0)+ Gt —7)

t

+Q, [ vieie) v e=mmt-n =5 [T @rueu

where Q = diag{wy,...,w,}, 2 =A+T.
Using Jensen’s integral inequality (see [13]), we arrive at the estimate

o (WEm) N Ua)
VSB/t yt—1) | W | yit-7) ) de,

-\ y(§) y(€)
where
QA, + AIQ+ FJEF, QB,+ FJ=2G, B(QC, + FJ=Q,)
Wy = B;Q + GIEFG G;EGU — A BGIEQU
B(CQ+ Q,=EF,) BRIZEG, FQr=EQs — T
We will choose the values of the parameters w;, \;, ; so that the matrices Wy, ..., Wy are

negative definite. It is worth noting that IV, are symmetric and Metzler matrices. Therefore
(see [18]), to prove their negative definiteness, it is sufficient to find a positive vector
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i € R™2™ guch that

Wepu<0, s=1,...,N. (3)
Let 7; and ¢; be components of the vectors 1 and (, respectively, w; = ;/(;, i = 1,...,n,
¢
p=| LF¢+o1,,)
L(F¢ +61,)

and 0 = const > 0. Then p > 0,
QH, + Aln+ FTEF,C + FTE(G, + BQ,)L(F¢ + 61,,)
W= | Bln+GIEF,C — AL(FC + 61,) + GIE(G, + BQ)L(FC + 61,,)
BCTn + BQIEFC + (BQIE(Gs + BQs) — T)L(FC + 61,,)
OH, + Aln+ FTE((I, + (G + BQ)L)F¢ + 6(G + Q) L1,,)
<| BIn+G=Z(n+ (G +BQ)L)FC + 8(G + BQ)L1,,) — AL(FC + 81,,)
BCTn+ BQTE((Ly + (G + BQ)LYF¢ + 6(G + Q) L1,,) — TL(FC + 61,,)
QH, + Aln+ FTELFC + 0FTE(G, + SQ,) L1y,
=| BIn+G E(LF¢+6(G+BQ)L1,) — AL(FC +61,) |,
BCTn+ BQTE(LFC + 6(G + BQ)L1,,) — TL(F¢ + 61,,)

where H, = (A, + B,LF + BC,LF)¢ + 6(By + BCs) L1, s =1,...,N.
We obtain

Jsa = BCTn + BQTE(LFC + 6(G + BQ)L,,) — TL(FC + 61,,)
= BCTn + BQTA(LFC + 6(G + BQ)L1,) + (BQT — Ln)TL(FC + 61,) — 66Q T'L,y.

Let
PL(FC + 81,) = (I, — BQT)™! (5@TA(Lﬁc +6(G+BQ)L,)

.....

where € = const > 0. Then the diagonal entries of I" are positive and
Jas < —ely, — 66Q T, < 0.
Next, consider
Joe = BIn + GTE(LEFC + 6(G + BQ)L1,,) — AL(FC + 61,,).
We obtain
Jos = Bl + (G7 — I,)AL(F¢ + 01,,) + G TL(F¢ + 61,,) — 6G T E1,,
= B 0G" (I, = BQT) Q" ALy, — (I — G = Q) (I — BQT) ' AL(EFC + 1,,)
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+@T(Im — B@T)_l (6 max {C'n} + 51m> — 6GT=1,,.

r=1,...,.N
Let

e

+GT (I, — BQT)™ (ﬁ 7n:nlwuxN{CrTn} + alm) + 51m) :

-----

Then the diagonal entries of A are positive and
Joy < —0BGT (I, — BOQT)'QT ALy, — £l — 6GTE1,, < 0.
Finally, consider
Jie = QH, + ATn + FTELE¢ + 6FT=(G + BO) L1,
We obtain R N N
Jis=QH, + Aln+ FTEL(F¢+61,,) — 0F =1,
<QOH,+ Aln+FT(I,, — BQT)™! (AL(ﬁC +01) + 8 max {Cn} + 51m>

1,...N

<QH,+ Aln+ FT(I, — BQT)_l( ErllaXN{C;n} + €1m> +F'L ErllaXN{B;rn}

7777777777

+BETLGT (I, — BQT)" max {Cln} + gﬁTL(@T(Im — B8O+ Im) i

—QH,+ Aln+F'L ErllaxN{B;rn} +BFTL ErllaxN{C’rTn}

7777777777

+5F\T(Im - 6Q\T)_11m + 6ﬁTL(/G\T<Im - ﬁ@—r)_l + Im> 1m
From Assumptions 3.2 and 3.3 it follows that
Jls < (O(l + CYQ)T] + 59(35 + BCS)le

Y P (I, — BOT) M, + gﬁTL(@T(Im B0+ Im> 1,

Hence, if ¢ and ¢ are sufficiently small, then J;; < 0.
Thus, under the suitable choice of the parameters w;, A\;, v, ¢ =1,...,n,l=1,...,m, 0,
g, the conditions (3) and the inequality

V<-a <|I‘I’(ﬂf(1ﬁ))ll2 +ly(t = 7)II* + /t_ﬁ Hy(i)!|2d£> ,  a=const >0,

hold. Applying Theorem 3 from the paper [14], we obtain that the system (1) is absolutely
stable for any 7 > (. This completes the proof. [

Remark 3.1:
The derived stability conditions depend on 3 and are independent of 7.

Remark 3.2:

In the case where N = 1, the result of Theorem 3.1 is equivalent to the known necessary and
sufficient absolute stability conditions for the corresponding nonswitched system (see [23]):
the matrix G; + Q) is Schur and the matrix A; + (By + 8C1) (I, — Gy — 8Q1) "' Fy is
Hurwitz.

Remark 3.3:

In a similar way, absolute stability conditions for a positive switched coupled system with
multiple discrete and distributed delays can be derived.
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4. STABILITY ANALYSIS OF A DISCRETE-TIME POSITIVE COUPLED SYSTEM

Next, consider the system

r(k+1) = z(k) + h(4,Y(x(k)) + By(k —v)),

(4)
y(k) = F,W (k) + Gpy(k —v).

Here £ =0,1,..., z(k) € R", y(k) € R™, the vector function W(z) possesses the same
properties as in (1), v is a positive integer delay, h > 0 is a digitization step, p = p(k) is a
switching signal, p: {0,1,...} — {1,..., N}, A, Bs, F;, G are constant matrices of the
appropriate dimensions, s = 1,..., N. The system (4) can be obtained as a result of the
discretization of a continuous coupled system with a constant delay.

Assumption 4.1:
Functions iﬂz(fﬁz) are globally Lipschitz, i.e., there exists a constant M > 0 such that

[i(x}) — (2| < M|a) — 2| for all ¥}, 2 € (—o0,+0),i=1,...,n

Assumption 4.2:

The matrices Ay are Metzler and the matrices By, F,, G4 are nonnegative, s = 1,..., N.
Remark 4.1:

Assumptions 4.1 and 4.2 imply that if 1 4 ha; M > 0,7 =1, ..., n, then the system (4) is
positive.

AssuAmption 4.3:

Let G be a Schur matrix.

Assumption 4.4:
There exist a positive vector ( € R™ and a number o such that

(A + B,LF)C < oy¢, s=1,...,N,

where L = (I, — G)~L.

Assumption 4.5:
There exist a positive vector n € R" and a number oz such that

(As + BTLF\)TU <agn, sr=1,...,N.

)

Definition 4.1:
The system (4) is absolutely stable if its zero solution is asymptotically stable for any
admissible function V(x) and any admissible switching signal.

Theorem 4.1:
Let Assumptions 4.1-4.5 be satisfied and oy + a5 < 0. Then one can find a constant hy > 0
such that the system (4) is absolutely stable for all h € (0, hg).

Proof
First, choose hq sufficiently small to ensure the positivity of (4).
Next, construct a diagonal Lyapunov—Krasovskii functional in the form

Viz(k),y™®) —ZZwZ/ du—l—th — ) Ay(k —7)

+hZ%||y(k—j)ll2- ()

Copyright © 2026 ASSA. Adv Syst Sci Appl (2026)



74 A. ALEKSANDROV

Here y® = (y"(k),y (k= 1),...,y (k—v))T, A = diag{\, ..., \n} and w;, \;j,; are
positive tuning parameters, ¢ = 1,...,n, 7 =1,...,m.

Consider the difference AV (k) = V(z(k + 1), y* 1)) — V(z(k),y™®) of the functional
(5) along the solutions of the system (4). One obtains

n ml(k‘+1)
AV(E) =23 w, / Ly (BAY() — k(= )yl )
i=1 i

v—1

+hylly(B) P+ R (g = )l = DI? = by lly(k = v)|?

j=1

- 2h¢rT(x(k))Q<Ap\If(x(k)) + Byy(k — u)) — hy" (k — v)Ay(k — v)

th(E U (k) + Gk — 1)) A(EU( ) + Gk — 1)) — byl — )P

|| F 0 (2 (k) + Goy(k = )P +h Y (500 = 1)lly(k = 7)1

j=1

23w (@bi(xi(k) + A (k) — wi(xi(k))> Az (k).

Here 0 < 7;, < 1, Axz;(k) are components of the vector h(A,¥(x(k)) + B,y(k —v)) and
Q = diag{wq,...,wn}-
Similarly to the proof of Theorem 3.1, one can choose the matrices {2 and A such that

(Ba(a(h) + Gk — ) A(EUGE) + Gl — 1)) — o7 (k= )Ay(k —»)

20 (2(k) (AW (k) + Byy(hk — v)) < —a([W(z(k)IP + ly(k — v)]).
where a = const > (. We obtain
AV (k) < —ha(| W@k + llylk = )2) = b lly(k = )|
Hmer + 1) (G + Ly = IP) + 0S50 — 2l = I

Here c; and ¢, are positive constants.
Lety; > v > ... > v,. If y; and hg are sufficiently small, then

AV(R) < —ha( B (DI + = )I?) — ha 3t = )P

for h € (0, hy), where a = const > 0. Hence, for these values of h, the system (4) is
absolutely stable. This completes the proof. [

Remark 4.2:
From the proof of Theorem 4.1 it follows that the constant h, generally depends on the
magnitude of the delay v.

Remark 4.3:
In a similar way, absolute stability conditions for a discrete-time positive switched coupled
system with multiple delays can be derived.
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5. EXAMPLE

Consider the system (1) in the case wheren =m =N =2, § =

10 L2 0 1 3 0
(O 1)7 Ql _( 2)7 QQ (0 O)

1710
G1:§<0 2)7 GQZ

oo

75

N——
7N\ 193
O Il
~— o
“ oo

N——

Here x is a positive parameter. To find the values of this parameter for which the investigated

system will be absolutely stable, verify the conditions of Theorem 3.1.

We obtain

~ -~

1

Hence, Assumption 3.1 is satisfied.
Next, construct the system of inequalities

(As + 2(Bs + CS)F\)C < 061Ca
(A, +2(B, + C,)F) ' < amn,

where a1, s € R, (,n € R%,

a1+ ag <0,
¢ >0,
n>0,

Eliminating the vectors (, 77 from this system, we obtain

(

\

(Ozl + X — 12)(0./1 + )
(Ch + 16)(0&1 + 6) >
(az+x —4)(az +2)
(a2 +x —4) (a2 +
(a2 +x — 4) (o2 +
(052 + 8)(0&2 + 4)
(g + 8) (a2 +2)
(042 + 8)(0(2 + 6)
ay+x—12 >
a1+ ag <0,

a; +4 >0,

as + 2> 0.

Y

> 1
4,

Lo

~>cm~|V|v|V

SIVIVIVEE

It can be verified that (6) admits solutions if and only if

V38

> 9+ —.
X =9+

s=1,2,
87T7p: 1727

(7)

Thus, under the condition (7), the considered coupled system is absolutely stable for any

delay 7.

Copyright © 2026 ASSA.
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6. CONCLUSION

In the present paper, new absolute stability conditions are obtained for a nonlinear switched
positive coupled system and its discrete-time counterpart. The considered system contains
both point-wise and distributed delays, and the derived constraints on the system parameters
are independent of the value of the point-wise delay and depend on the value of the distributed
delay. Unlike known stability conditions which require the existence of solutions to linear
matrix inequalities, in this paper, the conditions are formulated in terms of the solvability of
linear algebraic inequalities.

A possible direction for further research is to weaken the obtained restrictions on the

parameters of systems that guarantee stability by introducing additional constraints on the
switching signals.
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