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On the Best Constant
in the Jackson—Stechkin Inequality

Tatyana Chubarova

Lomonosov Moscow State University, Moscow, Russia

Abstract: In this article, we obtain an upper bound for the exact constant in the
Jackson—Stechkin inequality in the space LP(T), 1 < p < co. This inequality relates the
best approximation of a function by trigonometric polynomials to its generalized modulus
of smoothness of order r with non-constant steps depending on the parameters h and a
in the space LP(T).

We consider the modulus of smoothness with a non-constant step depending on both
the classical step h and the auxiliary parameter a. We obtain an upper bound for the
exact constant in the Jackson—Stechkin inequality that depends only on the smoothness
parameter r and is independent of the other parameters a and p. For r = 2 and r = 3, we
derive more precise bounds than in the general case.
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1. INTRODUCTION

This paper examines the Jackson—Stechkin inequality on the set of trigonometric
polynomials. The primary objective is to obtain an upper estimate for the best constant
in the Jackson—Stechkin inequality. Prior to reviewing classical results, we present the
fundamental definitions.

Let T be the one-dimensional torus realized as the interval [—7, 7] with its endpoints
identified. By L,(T), 1 < p < oo, we denote the space of real-valued functions on T
whose p-th power is integrable, equipped with the norm

= (o [ 1) "

For p = o0, it is assumed that f € C(T) and || f||cc = maxzer |f(x)].

Let r € N, a > 0, and h € R. We define the generalized difference operator of order
r by the formula

Azjr(fa .I') = AhAah ot Aa’“—lh<f7 {E) 3

Anflx) = f(x) = [z +h).

The modulus of smoothness is defined by the expression
wa,r(fa 5)]) = Sup ‘|A?L7erp
|h|<8

where

*Corresponding author: chbrvaaa@gmail.com



2 T. CHUBAROVA

Let T, denote the set of all trigonometric polynomials of degree at most n.

We denote by .
E,(f), = jof |1f ~

the best approximation of the function f y a trigonometric polynomial of degree not
exceeding n.

Let a natural number r and an increasing sequence of positive numbers {\, },en be
given, with lim,,_, ., A\, = +00. Problems concerning the determination of the quantity
C = C(Mn,p,7,a) in the inequality

En—l(f)p S O : wa,r (fa )\i) . (11)

p
have been studied.

The main idea of methods for obtaining estimates of this type consists in
constructing a “convenient” trigonometric polynomial 7,,_;(f) from the function f,
by means of which one obtains an estimate of the form

I = Toal Dl = C e (£ ) 12)

Since E,—1(f), < If = Tu-1(f)lp, this also yields an estimate of the form (1.1). As a

rule, one takes A\, = 7/ %/, where 7> 0 and y > 0. In [20], the case A, = n was

considered, whereas in a number of other works different approximation methods were
studied in which the arguments of the modulus of continuity were taken in the form
7/(n + 7). For example, in [7] the value A\, ! = ﬁ was used.

The study of various \,, is of particular interest in connection with the determination
of the socalled Chernykh point, beginning from which the best constant in inequality
(1.1) attains its global minimum; see [2]. Let us illustrate this with an example. For the
best constant in inequality (1.1), in the case a =1, p =2, and r = 1, it follows from
[6], [1] that C'()\,,2,1,1) =1/v/2, 0 < A\, < n/m and C(\,,2,1,1) > 1/v/2, \, > n/7.
That is, for a = 1, p = 2, and r = 1, the Chernykh point is \,, = n/m. Determining the
Chernykh point presents a significant challenge; nevertheless, results of this type have
been obtained for certain parameter values (the resulting A, depend on r, p, and n
when a = 1).

The case a =1 and 7 = 1 in the spaces C(T) = Lo(T) with X\, = 2nk, k € N, was
studied in the works of N. P. Korneichuk [9], [10], where he proved that the exact
constant C ; in the inequality E,(f)r. ) < Crrwia(f, ﬁ)oo satisfies (1 — %) % <
Cip < % The upper estimate for this result can be obtained both by comparison
theorems and by approximation using an auxiliary class of functions. The lower estimate
was obtained by N. P. Korneichuk on a special sequence of functions.

The case a =1 and 7 = 2 in the spaces C(T) = L (T) with )\, = 4n was obtained
in the work of V. V. Zhuk and V. A. Shalaev (see [24], Ch. 8, §3, Theorem 3 and the

commentary to Ch. 8, §3): E,(f)r. () < Ciwi2(f, ﬁ)oo, and they proved that the exact

constant C satisfies the inequality 1 — 1/2n < Cy < 1.
For the case where a € N is odd, a > 3, and p = 2, an estimate for the best constant
in inequality (1.1), namely C' = C(\,, 2,7, a), for A\, = 7%, v > 1, was obtained in [13]:

1 1 1
oG < C(M\y,2,7,a) < Hl—i_m\/?'
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JACKSON-STECHKIN INEQUALITY 3

In the present paper, we study the quantity (for A, =n)):

E,
#(r) =sup sup L)lp.
a,p,n feL
. fﬁéTn: Wa,r (f’ E)
P

We shall obtain an upper estimate for this quantity. To this end, we construct the
approximating trigonometric polynomial T,,_1(f) in (1.2), obtained by means of the
Jackson—Stechkin construction. For functions f € L,(T), we consider the approximating
operator of the form

(1.3)

Suraldi) = [ (F(0) = A2 (1) K1) .

As the kernel K, ,(t), one often chooses an even trigonometric polynomial of degree
not exceeding n — 1. In that case, the expression S, (f,z) itself is a trigonometric
polynomial of degree at most n — 1. The kernels K, ,.(t) that we shall use in this paper
are the Jackson—Stechkin kernels:

_(Nt\17 _(Nt\1”
1 S11 7 - S1n 7
Jon(t) = L Ay = S NIV [ 73
7N() Ar,N . t N —r . t
sin| — sin| —
2 2

The parameter N is chosen depending on n and r so that

(N—-1)r <n<Nr, 2o

n n
<" thatis, N:H 1.
N S N1 that 1s +

r

The derivation of an upper estimate for the best approximation via the trigonometric
polynomial 7, (f) with the aid of the kernel K, ,(t) was first used by D. Jackson and
later, in a more general setting, by S. B. Stechkin. These ideas were developed in the
works of S. B. Stechkin [19,20], and were subsequently extended and refined in a large
number of papers [ [16], [7] — [14]. For the Jackson—Stechkin kernels, the following
estimates are well known (see, for example, [14]):

<
p

By < 110 = Sunn(l, = |

/ AV (f,x) K. (t)dt
T

< / 1AL (F )] K1) di < / warlf D), Ko () dt <
1
<o, (f, —) [ @l+1) Ko ar
n P T
Thus, the upper estimate for quantity (1.3) takes the form

x(r) < /T(n|t\ +1)" J.n(t) dt.

Below, we estimate the resulting integral, which will yield an upper bound for the
quantity s(r).
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4 T. CHUBAROVA

In this paper, we first examine the special cases r = 2 and r = 3. The case r =1
was previously studied in detail by D. Jackson and is therefore not examined here; for
reference, a citation to the corresponding publication is provided (see [16]).

After that, we analyze the case of arbitrary r and present two upper estimates for
the quantity (r). The special cases r =2 and r = 3 are treated separately because
stronger estimates are obtained there than in the case of general r.

2. AUXILIARY LEMMAS

Lemma 2.1:
Letr e N;r > 2, v, ke N, 0 <k <r. Then the following inequality holds:

21+2r N2r71

Ay > (2.4)

71-27“—1

t
Proof. We shall use the inequality sin(ﬁ) < —, which is valid for every t > 0.

t
2

[\

, (Nt) 2r _ (Nt> 2r
- Sin 7 - sin|{ —
AnN:/ _— dt22/ — N dt >
_ 0 (U
ol

y <Nt) 2r

T 27‘ 2’!’ o ln N

22/ (sin(ﬁ» <2> dt—QHQT/ BNV B
0 2 t 0 t

2r

TN
. [ % | siny 2
:2”2/ ~ =
0

N
= — dy = —dt
N

N 2r 9 N . 2r
:21“’"/ (siny)2 (—) —dy:4N27"‘1/ ’ (Smy) dy.
0 2y N 0 Yy

2
From the convexity of the function on the interval [0, g] , we obtain siny > —y, for
T

T
Nye [o, —} .
all y 5

z 2 1 2r 92+2r £\2r—1 z
AT,N24N27”‘1/2(—?/-—> dsz/Qdyz
0 0

T Yy T

TN
2

22+2T N?r—l T 21+2r N2r—1

7T2r 2 7T27‘— 1

Lemma 2.2:
Letr e N, r>2, keN, 0<k<r. Then the following estimate holds:
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JACKSON-STECHKIN INEQUALITY 5

I '—/|t|kJ Wyt < — " L (2.5)
e Jp T S N gk \ B+l T 2r k1) ‘

Proof. Since J, ; and the function |¢|* are even, we have
I, = / ¥ T, (t) dt = 2 / £ T (t) dt.
T 0

We use the estimate 1
. t
sin| =
2

‘ (Nt) 2r
sin| —
2 T 2
L = / | — 2| ar<
B Jo sin £
2

2 m Nt 2r o [T Nt
< tF sin2r [ 2 (Z) dt = =1 / sin? [ 28 ) 2 gt
A"VN 0 2 14 AT,N 0 2

Nt 2
Next, we apply Lemma 2.1. Let us make the substitution y = = dt = N dy. Then we

<

%, te (0,7 :

obtain

TN

71.47‘—1 5 o 2y k—2r 2
T < W/o sin™" (y) (ﬁ> ~NW=

4r—1 X 2w 4r—1 00 i 27
T /2 sin”" (y) dy < T / sin”" (y) dy <
0 0

= Nk odr—k—1 Y2k = Nk . odr—k—1 Y2k =

- 71_4r—1 /1 sinz’"(y) J N /+oo Sin%(y) 4
— Nk .94r—k-1 0 y2r—k Y 1 y2r—k yl-

Let us estimate the latter integrals separately.

1. From the inequality |siny| < |y|, v € R, it follows that

1 (Sin y)Zr 1 y2r 1 1
2 dy < dy = Fdy = ——.
/0 yQT—k y= /0' yQT—k Yy /0 Yy ay k + 1

2. From the inequality |siny| < 1, y € R, it follows that

+0o L1427 +o00o +oo
sin“" (y 1 (2r—
/ 2r,(k> dy < / n Y = / y R dy =
1 ) 1 ) 1

1—(2r—k)

+oo
1

T —k—1

-y -
1—(2r—k) )

provided that 2r — k > 1.
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Thus, we obtain the estimate

;o L,
BrSNE R\ 1 T 2k —k—1)

2.1. The case of r =2 and r =3

Theorem 2.1:
Let f € L,(T), 1 <p < oo. Then for the following estimate holds:

B, < s 17) |

where the constant »(2) satisfies the inequality

23
x#(2) < % 7"~ 723,612

Proof.
Let us estimate the corresponding integrals:

1 S11 7

6 :/(n|t|)kJQ,N(t) dt:/(nm)k gt k=012
T T Ag N . (t)
Sin 5

Let us estimate the integrals &, k = 0, 1, 2, using Lemma 2.2:

i 1 7w’
= | oayt)dt< —=|1+=| = —
S /T Q’N() -7 ( 3) 96’

o 1 1
= [l antde=n [ 1 gvta <7 (54 5) =

7 7 7

—ﬁ 7T—<2 7T_—7T_
N 26 26— 32’
7
— 2 _ 2 2 9 s 1 B
52—/T(n|t\) Jon(t)dt =n /Tm Jon(t)dt < n 'W<§+1) _

n\2 4n’ 7
G e
N 325 6
Therefore, the following estimates hold:

7
6

< —, &< & <

T
327
Hence it follows that

En(f)p < (50 + 251 + 52) Wa,2 (f, %) .

p
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JACKSON-STECHKIN INEQUALITY 7

Thus, the upper estimate has been proved:
m w23
2) < —+2 -~ +— =7 ~= 723612
S s R R T !

Theorem 2.2:
Let f € L,(T), 1 <p <oo. Then for r =3 the following estimate holds:

Fulf)y < A9 (1)

where the constant satisfies the inequality

248711
<
#(3) < 50 R0

~ 35726.8.

Proof.
Let us estimate the corresponding integrals:

& = / (n[t)* Js (1) dt, k=0,1,2,3.
T

Let us estimate the integrals &, k = 0,1, 2, 3, using Lemma 2.2:

7.(.11 1 37.(.11
= dt< — |1+=-| =
€o /TJ?,,N<) S om ( + 5) 5120
61 = /7’L|t| J37N(t) dt = n/ |t| J37N(t) dt S
T T

il <1 1) n 3l 3rtt gl
= — <3

<n-— [ Z42) == . =
=M on N\ \2Ty) TN o 212~ 4096’

& = /T(n|t|)2 Jy n (1) dt = TL2/T|t|2 Js n(t) dt <

<2 it 1+1 _<n>2 il <9 il _37r11
= N2.29\3 3) \N/ 3.28 3-28 2567

€ = /Tmm)?’ Jon(®) dt:n3/T|t|3J3,N(t) it <

<3 mlt 1 . 1 (n )3 3t <97 3rit 81xtt
n - —_— —_ —_ == —_— . . = .
- N3.28\4 2 N 210 210 1024
Therefore, the following estimates hold:
RY o 9rlt RY 817!
< — < — < — < .
S50 S350 25960 S Tom

Hence it follows that

En(f), < (&0 + 36 + 38 + &) was (f, %) :
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Thus, for »(3), the following upper estimate has been proved:

< 3t 43 grltl 43 3t n 817t B 248771t
— 5120 4096 256 1024 20480

#(3) ~ 35726,8.

3. PROOF OF THE MAIN RESULT

Theorem 3.1:
Let f € L,(T), 1 < p < oo, andr € N. Then for the best approzimation by trigonometric
polynomials of order not exceeding n, the following inequality holds:

Fulf)y < ) (1)

where

gir=t fortlp (1 4 27Tt -9
wy<{om i\ 17 21 ) TES
12, r=1

Proof. Above, an upper estimate for s(r) obtained on the basis of the
Jackson—Stechkin kernels J,. y was established:

Ful, < (o1 ) e (7.7)

To prove the theorem, we shall obtain an explicit upper estimate for the integral
Jr (nlt|+1)" J N (t) dt.
Since J, y(t) is an even function, we have

() <2 [ lt+ 1) T l0)dt =

=2 /031 2" Jrn (1) dt+i (2) /; (nft)* J.n(t) dt

N - ~ ic:O
01 5;

7

Since tkJ, y(t) > 0, for any subset A C T the following inequality holds:

/thr,N(t) dt < /t’fJT,N(t) dt = I,
A

T

In particular,

1

n ™ 1 ™ ™ 1

/ %MOﬁg/mkmwﬁzéhw /nﬁ%Mﬂﬁg/"ﬁkMUﬁzﬁkw
0 0 i 0
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Then, using Lemma 2.2, we obtain:

—_
S
i
Jun

T 2r rir-l

7T.41"71
= 211 < M T 2% 2r—1  23-1(2r —1)

I (r rirt 1 1
< Z k =
<32 () we= (1 + =)
<n)’€7r4’”1 1 n 1 <
N/ 2%k \k+1 2r—k—1) —
! T rir—1 1 1
< k —
_Z<k)r oar—k (k+1+2r—k—1)

a1 IS 1 1
= 2r)* =
2 kzo(k)”) (k+1+2r—k—1)

_7r4’"*1 i r (27“)’“+ " /r (27")'“
o odr = \k)k+1 = \k)2r—k-1

-~ -~

S1 52

Integrating the identity (1+ )" = >";_; (;)z* from 0 to :

—~ (r\ ¢ (14t -1
Z(k)k—l—l_ (r+1z v#0,

k=0
we obtain
(1+2r)+1 — 1
Sl -
(r+1)2r
Now it remains to estimate Sy. For k € {0,...,r}, we have
2r—k—12> 1 = ! < ! > 1
r—k— r— r
- 2r—k—1"r—1 ’

hence

1 K (r (1+2r)
Sy < —— E o) = =2
Z_T—lkzo(/{)(r) r—1
Therefore, we obtain the following estimate for 05:
=l (L 2r) =1 (L4 2r)
0y < .
24r (r+1)2r r—1
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Thus, we obtain the estimate

roir=1 =1 (1 + QT)T—H -1 (1 + 27~)T
=2(0,+05) <2 <
(1) (61 +62) < (23r—1(27a_1) * 24r ( (r+1)2r * r—1 )) N
- 7071_4r71 N 71_47*71 (1 + 2T)r+1 (1 + 2T)r+1
T 2r=2(2r —1) 241\ (r+1)2r (r—1)(1+2r)

Using the inequality
1 1 1

< > 2
2+ D) -1 7o
we obtain 1 o o
T 2" 1+ 2r)"
T r +( + 2r) , >0
24r=1 \ 29 — 1 r2 —1

The case r =1 is estimated separately and yields (1) < 12. Substituting the
obtained estimate into Jackson’s inequality, we obtain

Fulf)y < ) (1)

where

7.{.47~—1 2r+17a N (1 + 27,.)T+1 S5
w(r) < 241 \ 20— 1 2_1 ) "=
12, r=1.

Thus, in the course of the proof, we have obtained the explicit estimate

Bl < Crir (1.5

p

which holds for every f € L,(T), 1 <p < oo, and every n € N, where the constant C,
depends only on the smoothness parameter r and is given by

71_41*71 2r+1,r (1 + 2’/“)T+1 - 2
Co=L 21 \2r—1 -1 ) "=7
12, r=1.

We emphasize that the obtained estimate is uniform, since it does not depend on
the function f or on the parameter n, but only on r.

Recall that the constant s(r) in Stechkin’s inequality is defined as the exact upper
bound (i.e., the least possible constant) for which the inequality

Eulfly < 0 (£

holds for all f € L,(T) and all n € N.

Copyright (©) 2026 ASSA. Adv Syst Sci Appl (2026)



JACKSON-STECHKIN INEQUALITY 11

Since we have proved that this inequality holds with the constant C,, it follows
immediately that the sharp constant »(r) does not exceed C,., that is,

x(r) < C,.

Thus, we obtain the following explicit upper bound for the Stechkin constant:

7T.41"71 2r+1,r, N (1 + 2T)r+1 S5
w(ry<{ o1\ —1 ' 2-1 ) "=%
12, r=1

We note that this estimate is, in general, not sharp; however, it provides an explicit
dependence of s(r) on r, which is of independent interest in the study of inequalities
of the Jackson—Stechkin type.

Corollary 3.1:
Let r > 2. Then the Stechkin constant »(r) admits the estimate under the conditions of
the theorem
477T4T_17"T_1
w(r) < 93r+2

Proof
Starting from the previously obtained estimate,
7.r4r—1 2r+1T (1 + ZT)T-H
%whE%“1<%—1+ 21 )’ rz2

we estimate the expression in parentheses.

Factorizing the dominant term 2"1r""! we write

ortly n (1 +2r)*t _ gl [ r2r N r? (1 N 1 >T+1]

2r — 1 r2 —1 2r—1 r2-—-1

For r > 2, the following estimates hold:

2T <1, 2r —1 >3,

4
< =
r2—17—3

1. .
Moreover, the sequence (1 + 2—1T)T+ is decreasing for r» > 2, hence

Ll T Lyl ° 125
2r - 4) 64"

r¥=r r? 1\ 1
1+ ) <4220
2r—1+7’2—1<+27’) _3+48 16

Combining the above estimates, we obtain

Therefore,

2 (L42r) < ﬂzr—l—lrr—l‘

2r—1+ r2—1 — 16

Copyright (©) 2026 ASSA. Adv Syst Sci Appl (2026)



12 T. CHUBAROVA

Substituting this into the estimate for s(r) yields

7T4T_1 ‘ g 11 477T4r—17nr—1
= 24r-1 16 r - 23r+2
This completes the proof. n

Remark 3.1:
Let us compare the general estimate obtained in Theorem 3.1 with the bounds derived
above for the particular cases r =2 and r = 3.

Substituting r = 2 and r = 3 into the general bound of Theorem 3.1, we get

9477 4231t
58 ~ 1109.01, #(3) < ST

These estimates should be understood as consequences of the universal Stechkin-type
bound established in Theorem 3.1. They are valid uniformly with respect to r, but they
are not expected to be optimal for fized small values of r.

Indeed, in the particular cases r = 2 and r = 3, more accurate bounds were obtained
above by direct computation of the corresponding integrals. The difference between these
two approaches is caused by the intermediate estimates used in the proof of the general
theorem: they ensure the universality of the bound for all r € N, but inevitably lead to
some overestimation of the constant in individual cases.

#(T)

#(2) < ~ 60765.77.
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