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Abstract: This paper is aimed at studying the derivations of inverse semigroups algebras. We
adress a special case of semigroups which are constructed as a disjoint union of two groups.
We use a categorical method, constructing a category and expressing the derivations in terms of
characters on said category. The resulting derivation algebra is proven to be divisible into direct
sum of derivation algebras for two groups.
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1. INTRODUCTION

The objects of this paper’s research are derivartions of inverse semigroup algebras.

The derivation problem for associative algebras was studied in the works of Johnson [7]
and Losert [8]. The papers by D.E.Bagha, M.Amini [2] and N.D.Gilbert [6] approached the
question of module derivations of inverse semigroups.

The derivations of group algebras were largely explored in the works of A.A.Arutyunov,
A.S.Mishchenko and A. I. Shtern [3-5]. These papers propose a categorical approach for the
derivations study, which consists in constructing a suitable category for given associative
algebra. For groups, such category is a groupoid of adjoint action. The derivations can
be presented via characters on said groupoid, which are functions from morphisms of the
groupoid to complex numbers that preserve composition. In the paper [1] such approach is
used for studying the derivations of algebras of Malstev semigroups.

Inverse semigroups can be considered as an object generalising the concept of groups. In
this paper we consider a special case of inverse semigroups constructed with two groups that
are connected by a homomorphism. We use the categorical approach to study the derivations
on their assotiative algebras. The resulting category turns out to be the disjoint union of
groupoids for the two groups, and the character space divides into the direct sum of the
respective spaces for groups, which implies that the same holds for the Lie algebras of
derivations. This result is stated in Theorem 4.1.

2. PRELIMINARIES
Definition 2.1:

A semigroup S is called an inverse semigroup if for each element x € S there is a unique
inverse y € S in the sense that xyr = v and yry = y.
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Definition 2.2:
Let G, H be groups and p : G — H a homomorphism.

©
Define a semigroup G | H on the set G L H with an operation o:

U g, u,v e G
U-g o, u,v e H
ou)-gv, weGuveH
u-gp), ve Hved

(2.1)

Uov =

. . .o . ¥ .. 1 -
This semigroup is inverse, since for every element g € G U H its inverse g~' in the
respective group is an inverse in the semigroup sense.

We consider the semigroup algebra C [G Wl ] Notice that e, which is the identity

element of the group G, is neutral for the operation o, therefore G O Hisa monoid, and the
algebra C [G OH } is a unital algebra.

Notations 2.1:

We will use letters from the beginning of the alphabet (a,b, c) for elements from G and the
letters from the middle (p, q, ) for elements from H. We will also assume for - to denote -, - i

or multiplication by number if it is clear from context. The use of the operation o will always
be written explicitly.

Notation 2.1:
We will use the following notation for coefficients. For a given semigroup algebra I, its
element u € [ is presented as

u=>Y_Mh.

hel
Definition 2.3: .
Denote as ¢ the following linear transformation on C [G U H ] :

ooy = {7 4G

Notice that for an arbitrary u € C [G i H} the following holds: ey ou = uo ey = p(u).

Proposition 2.1:
Ifu=voporu=pou, wherevGC[Glle} ,p € H, then for each h € G holds \}} = 0.

Proof
Let/ =C|GUH|.

u=wvop= > A (hop).Bydefinition (2.1), with p € H for all h € I the product h o p
hel
lies in the group H. The case u = p o v is considered similarly. [

Proposition 2.2:
Both group identity elements commute with all elements of C [G O H ] :

VUGC[GﬁJH} cuoe=cou, wheree€ {eg, ey}
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Proof
Let e = e. As mentioned earlier, e is neutral for the operation o: for a € G we have
aoceg=a-eqg=a, and for pe H :poeg =p- ey = p. Hence, e commutes with all

elements of G Ifl H, and therefore with all elements of C [G Ifl H ] .

Fore = ey wehaveuoey = ¢p(u) - ey = p(u) = ey o u. O

3. DERIVATIONS

Definition 3.1:
Given a semigroup S and its semigroup algebra C|S|, a linear map

d: C[S] — CJ[S],
satisfying the Leibniz rule
d(uov) =d(u)ov+uod(v), u,veC[S]

is called a derivation of the algebra C|S].

Notation 3.1:

We will denote the derivation coeffitients as such: d(u) = > di'h, i.e. d}f = /\Z(u).
hes

Proposition 3.1:
Consider a semigroup G ) H and d — a derivation of the algebra C [G OH } Then, for an
idempotent e € {eq, ey} holds d(e) = 0.

Proof
d(e) =d(eoe) =d(e) oe+eod(e) =2d(e) oe. Last equality follows from Proposition
2.2.

1) Let e = eg. Then d(e) = 2d(e) o e = 2d(e), hence d(e) = 0.

2) e = eg. Then d(e) = 2d(e) o e = 2p(d(e)). This implies that A€ =0 for a € G,
therefore p(d(e)) = d(e). Then d(e) = 2d(e), hence d(e) = 0.

O
Proposition 3.2:
Let d be a derivation of C [G i H} . Then
Vpe HaeG d=0. (3.2)
Proof
d(p) =d(poen)=d(p)oen +podlen) =d(p)oeu.
=0
Proposition 2.1 implies AX?) = 0, i.e. d? = 0. O

Definition 3.2:
For a homomorphism ¢ : G — H the preimage of an element p € H is

¢~ (p) ={a € G| pla) =p}.
This set can be empty (if p is not in Im ).
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Lemma 3.1: .
Let d be a derivation of C [G L H} . Then

VaeGpeH di=di— Z dj. (3.3)

bep~1(p)

Proof
Notice that d(p(a)) = d(aoey) = d(a) o ey = p(d(a)).
By grouping the terms from G in d(a), we get

d(a) = Y }: d%%ﬂfq + Y dir,

g€lmp \bep—1 r&lm ¢

Then

dip(a) =pd@)= S | S d@+ar)q+ Y do

g€lmp \ bep—1(q) rélme

which implies

bep~1(p) (3.4)

@) { >, di+di, pelmyp
dy, p & Imop.

Notice that for p ¢ Im ¢ its preimage is empty, hence > df = 0. Therefore, the formula
bep~1(p)
(3.4) can be rewritten as df(“) = > i+ dj for all p € H, which is equivalent to the
bep~!(p)

formula (3.3). O

3.1. General Formula for Derivations

Notation 3.2:
Further we will use the notation || for indicator, i.e.

lcondition] = 1, condition holds
conattion) = 0, condition does not hold.

Lemma 3.2:

Let d be a linear operator on C[I], where [ = G ) H. Then d is a derivation if and only if
the following conditions are met simultaneously: the relations (3.2), (3.3) hold, and also for
each pair u,v € I the following formulas hold true (everywhere we assume that a,b € G;
p,q € H).

u,v € G dw_, = d° +d (3.5)
u,veG Aiuypmge(v) = dp + dy (3.6)
weGuveH o =dy+ g 3.7)
ue Huved dut) = de) 4+ de (3.8)
w,veH dw_., = do+d (3.9)
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Proof

For arbitrary u, v € I write out the Leibniz rule:
d(uowv) =d(u) ov+uodv),

which is equivalent to the following:

S dpth = dy(hov)+ > du(voh”). (3.10)

hel hel h'el

The equality holds if and only if for each element of I the coefficients on both sides of the
equation coincide. We equate the elements on the right to A and consider all possible cases of
u, v, h being in groups G and H.

e h="hnouw.
1) h € G. This is equivalent to ', v € G and b/ = hv~!.

2) h € H. Three cases are possible:
(i) W,v € H.Then, b/ = hv~".
(i) W € G,v € H. Then, Wov=phwv=hsph)=htshe
e (™).
(iii) »' € H,v € G. Then, h = h' ov = h'p(v) & I = h(p(v)) ™ = hp(v1).
* h = uo h”. Similarly, we get:
HDheG=ued, " =u'h
2) h € H is equvalent to one of these cases:
() ue H<= h"=u'thorh” € o~ (u'h);
() ue G+ h"=puh.
These results can be combined into one formula:

ai = [ueG) (M€ dmy +[h € H- ) +
+

e (e dir +[h € H-djyn)

we H-[he H- | d)y+ Y do + (3.11)

weH| - [heH] |di,+ > d

c€p~1(hv—1)

Consider the term in the third line: d}_,, + > dy.If v € H, then by (3.2) we have
c€p~H(u~1h)
d¢ = 0, hence the term equals d’_,,. If v € G, then by (3.3) the term equals dz@h. In both

cases we can say that it equals dfgvl)h. Similar transformation can be carried out for the last

string. By performing said transformations, we get the formula

Copyright © 2026 ASSA. Adv Syst Sci Appl (2026)



90 R. REPEEV

@i = [ue Gl ([he G-y +[h € H - ) +
ved] ([h €G] d', . +[he H -d;;w(v_l)) + (3.12)

lh € H]- ([u € H]-d°%), + v € H] -cﬁ(“)).

hv—1

Let us present the formula in a different way for different cases of u and v being in the
groups GG and H. By doing so, we will get the relations (3.5)—(3.9).

1) u,v € G. In this case the formula (3.12) is transformed into
Q7 = [h € G (s + diyr) + (b€ H] - (dlayy + iy )

Consider h € G. Define u™'h =a,hv™! =b, then h = ua = bv. By changing the
indices in the formula, we get

dw_,, = do + dp,

ua=bv

which is the relation (3.5).

Consider h € H. Define p(u=')h = a, hp(v™) = b, then h = ¢(u)a = bp(v). So, we
get
d(wyp=qp() = dp T dy
which is the relation (3.6).
2) u,v € H. In this case the formula (3.12) is transformed into
W+ Y, hEH,
Define u=!h = p, hv~! = ¢, then h = up = qv. The formula then transforms into
gy = 74 0

which is the relation (3.9).
In the case h € H it must hold that " = 0. This corresponds with (3.2).

3) u € G,v € H. In this case
dr = @7 = [h e G| - d’—r, + [h € H] - (dg(u,l)h + dﬁ@l) .
If h € G, the relation (3.2) implies d?_,, = 0. Therefore, we have

di(“)’” — d:;(ufl)h + d%’(“)

hv—1*

Define o(u~')h = p, hv~! = ¢, then h = ¢(u)p = qv. The formula then transforms into

o(u)v _ (w)
d<P(“)P=qU - dP + dg )
which is the relation (3.7).
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4) v e H,v € H. This case is similar to the precious one. Namely,
di = g9 = [he G]- d',, +[he H] (d“’_lh Y ) .
~——
=0by (3.2)

Define u='h = p, hg(v™') = g, then h = up = qp(v), and the formula transforms into

duet) = deW +dy,
which is the relation (3.8).
[
Proposition 3.3:
The relation (3.6) is implied by (3.3), (3.5) and (3.9).
Proof

Consider (3.6) and express all coefficients via (3.3). Thus, we get

dEe ) — > dy’ = dy) — Z dy +d7) + Z dy-

acup~!(p)=¢~ ! (q)v bep—1(q c€p—

By moving and grouping the terms, we get

dEIAD o) gt = 3 ( w oy dg).

o(u)p=qp(v) P q
cep™!(p)
bep~1(q)

The left parts equals O by (3.9), and the right part equals 0 by (3.5). Thus, the equality is
proven.
O

Lemma 3.3:

Let d be a linear operator on C[I|, where [ = G 0 H. Then, d is a derivation if an only if the
following relations hold simultaneously: (3.2), (3.3), (3.5) and (3.9).

Proof
Notice that the relations (3.7) and (3.8) are special cases of the relation (3.9). With this and
Proposition 3.3, the statement being proven follows from Lemma 3.2. [

4. CATEGORY CONTRUCTION

4.1. Group Case
The work [4] proposes a category suitable for studying the derivations of group algebras.

Definition 4.1:
Let GG be a group. Construct a small category I, associated with the group G.

1. The set of objects: Obj(I'q) = G.

2. The set of morphisms: Hom(I'c) = G x G. The morphism ¢ = (u,v) maps from
s(v) = v winto t(y) = uv=l.
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3. For any pair of morphisms 1) = (uy,v1) and § = (ug, vs), such that t(¢) = s(§), their
composition is defined as follows:

§oth = (vauy, vauy).
The category I is called the groupoid of the adjoint action of the froup G.

Definition 4.2:
A function x : Hom(I') — C is called a character on the groupoid T, if for any two
composable morphisms 1, £ holds

X(§ o 1) =x(&) +x(¥). (4.13)

Remark 4.1:

For convenience, while denoting a character on the morphism (u,v), we will write x(u,v)
instead of x((u,v)).

Definition 4.3:
A character ' is called locally finite, if for any element v € G the inequality x(u,v) # 0
holds only for finitely many elements u € G.

Notations 4.1:
The linear space of derivations of an algebra C[I] will be denoted as Der(C[I)).
The linear space of locally finite characters on a groupoid I" will be denoted as X (I").

Definition 4.4:
For a group G, we define the following linear mapping:

¢cg: Der(C|G]) = X(T'¢)

u (4.14)
d— Xad Xa(v,u) =dj.
Proposition 4.1:
For a group G, the linear space Der(C|G]) is a Lie algebra with Lie bracket defined as
commutator: {u,v} = [u,v] = uwv — vu.
The linear space X (I'g) is also a Lie algebra with Lie bracket defined as {xa,, Xd,} =
X[d1,d2]'

Jel

Moreover, the mapping (4.14) is an isomorphism of said algebras: Der(C[G]) = X (I'g).

Proof

The mapping ¢ 1s a bijection between derivations and locally finite characters by [4,
Propositions 1,2]. The Lie algebra structure in X (I';) is inherited from Der(C[G]) because
of the way the bracket in X (I'¢;) is defined. O

Proposition 4.2:
Given a group G, the following formula holds for characters in X (I'g):
{an Xd2} (a’ g) = Z (Xdl (CL, h)Xd2<h7 g) — Xda ((l, h)XCh (ha g)) : (4.15)
heG
Proof
This proposition is contained in [1, Proposition 2.4]. [

4.2. Special Semigroup Case
4.2.1. Category We construct a category, following the approach described above.
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Definition 4.5:
Given two groupoids I'y and 'y, we define their disjoint union I' = I'y U Ty as follows:

Obj(rl L Fg) = Obj(Fl) L Obj(Fz) Hom(F1 L FQ) = HOm(F1> L Hom(FQ),

i.e. as a union of the groupoids without additional morphisms between components.
We introduce a correspondence between derivations and characters similar to (4.14).

Definition 4.6: .
For a semigroup I = G U H and a groupoid I' = I'c U Ty we define the following linear
mapping:

cr: Der(C[I]) - X(I')

4.16
d— Xq Xa(v,u) =d,, wu,ve Goru,ve H. (4.16)

Lemma 4.1:

Let I =G 4 H; T'q,T'y be groupoids of adjoint action for the groups G and H, and a
groupoid I' = I'q U I'y. Then, the mapping c;, defined by (4.16), is an isomorphism of linear
spaces.

Proof
Notice that y, is indeed a locally finite character: the condition (4.13) follows from (3.5) and
(3.9), while it is locally finite since d is an operator on C[I].

Let us find Ker ¢;. Let x be a zero character, i.e. x(h,u) =0 for all h, u. Then, for an

arbitrary d € ¢; ' () holds d¥ = 0 for all pairs (h,u), where h,u € G or h,u € H. Then,
(3.3) and (3.2) imply that dj; = 0 for all u, h, therefore d is a trivial derivation. Hence, Ker ¢;
is trivial, therefore c; is injective.

Now, let us show that ¢; is surjective. Indeed, any arbitrary locally finite character
X € X(I') has a preimage. Namely, it is a linear operator d defined as such:

1) fora,be G :d} = x(b,a);
2) forp,qe H : db = x(q.p);
3) forae G,pe H:d: =0, and d; is defined by (3.3).

The conditions (3.2) and (3.3) are satisfied from the construction of d. Since y is a
character, the conditions (3.5) and (3.9) hold. Then, by Lemma 3.3, d is indeed a derivation.

]
4.3. Operation on Characters
We define an operation on the character space as such:
{Xdi»> Xz } E X[d1,dz]- 4.17)
Der(C[I]) with a commutator operation |-, -] is a Lie algebra as a space of derivations of

an associative algebra. Then, X (I') with an operation defined by (4.17) is also a Lie algebra.
Then, we can strengthen the statement of Lemma 4.1.

Proposition 4.3:
Given a semigroup I = G O H and a groupoid I' = ' U 'y, the mapping c; defined by
(4.16) is an isomorphism of Lie algebras:

Der (C [G G H]) £ X(IgUTy).
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Proof
The mapping c¢; is a linear space isomorphism by Lemma 4.1. Moreover the mapping
preserves the operation:

cr ([d1, d2]) = Xpar.do) = {Xar» Xao } = {c1(dr), cr(da)}

Let us obtain a formula for characters, similar to (4.15).
Proposition 4.4:

Consider a semigroup I = G 5 H, a groupoid " = I'¢ U T'y; derivations o, 5 € Der(C[I])
and characters £, € X (I'), where £ = x4, m = Xp-
Then, the followig formulas hold:

{57 77} (Ca (l) - Z (5(07 b)n(ba (l) - 77(67 b)g(bv a)) , a,c€G

beG

{&n} (rp) =D (&(r,a)n(a.p) = n(r,0)é(q,p)), pr€H

qeEH

(4.18)

Proof
Notice that the morphisms in I" are of form (A, g), where h, g € G or h, g € H, therefore the
fromulas are given in such form.

Consider the case p,r € H. Because of (3.2), we have

alp) = alqg=> &a.p)-q.  BE)=Y_ Fa=> nap) g

Similarly, using (3.2) for a(q) and 5(q), we get

(aB)(p) = nla,p) (Zﬁ(% q)- 7") . (Ba)(p) =D &(a,p) (Z n(r,q) -T> -

qeH reH qeH reH

Changing the summation order, we obtain the formula for the commutator:

[, B](p) = (aB = Bar)(p) = ) (Z (&(r,a)nla,p) — n(r, Q)f(%P))) T

reH \qeH

Then, for characters {£,n} we have

{&n}(rp) = [0, B2 = (E(r)n(g. p) — n(r,0)é(a. ).

qeEH

Now let us consider a,c € G. In this case, we are only interested in the coefficients of
elements from G, therefore we will use the notation L for an arbitrary linear combination
of elements from H. So, we have

ala) :Zagb+2a;:Z§(b,Q)~b+LH,

beG peEH be@G
Bla) = Bb+> 8= nlb,a)+ Ly
beG peH beGG
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Notice that by (3.2) for an arbitrary d € Der(C[I]) holds d(Ly) = Ly, therefore

(ozﬁ)(a) =« <Zn(b7 CL) ' b+ LH) - 225(07 b)n(ba a) “Cc+ LH:

beG ceG beG

(Ba)(a) = B (Z&(b, a) b+ LH) =D > ale.b)éb,a) -+ L.

beG c€G beG
Finally, for a, c € GG we obtain the required formula

{57 77}<C7 CL) = Z (5(07 5)77(57 CL) - 77(07 b)g(ba a)) :

beG

4.3.1. Division into direct sum

Notation 4.1:
For a groupoid I' = ' U 'y we define a mapping representing the character space as a

direct sum :
TG,H : X(FGLIFH) —)X(Fg)@X(FH)
x = (X x™) X%(a,b) = x(a,b), a,beG (4.19)

X"(p.q) =x(p,9), pgcH
Theorem 4.1: .
For a semigroup I = G U H the following sequence of isomorphisms holds:

-1 -1
Cq 'y

Der (C[1)) & X(Te UTx) 2 X(Te)® X(Tw) ‘=" Der(C[G]) @ Der(C[H]).

Proof

The first isomorphism holds via Proposition 4.3, while the last isomorphism holds via
Proposition 4.1. Now notice that X (I'¢ U ') can obviously be divided into direct sum of
character algebras on two groupoids by 7¢ g. [
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