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Abstract: In this paper, we study an SIR epidemic model with general nonlinear incidence
function, general function of treatment and two discrete time delays, the first described the time
delay due to the latent period of the disease and the second is the time delay due to the period
that the infected individuals use to move into the recovered class. Lyapunov’s method is used to
show the global stability of the disease-free equilibrium if the basic reproduction number Ry < 1,
while if Ry > 1 and under some conditions of delays, the existence of Hopf bifurcation appears
for the endemic equilibrium.
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1. INTRODUCTION

Mathematical modeling has been used in several areas, it is considered as a decision support
tool on any situation. In the epidemiological area, it has contributed to the epidemiological
surveillance of the disease because it makes to predict the health consequences of actions as
varied as vaccination, quarantine or the distribution of screening tests. Among the models
used in epidemiology, there are the SIR models which are compartment models, where
S stands for susceptible subpopulation, / is infected subpopulation, and R is recovered
subpopulation.

The incidence rate of a disease measures how fast the disease is spreading and it plays
an important role in the research of mathematical epidemiology. In many previous epidemic
models, the bilinear incidence rate 551 was frequently used [13, 21, 22, 26, 27, 29, 34, 40,
43,44]. However, there are some advantages for adopting more general forms of incidence

rates. For instance, Capasso et al. [14—16] observed that the incidence rate may increase

more slowly as [ increases. So, they proposed a saturated incidence rate ﬁill which was
(03

used in [2,9, 33, 41], where « is the saturation factor that measures the inhibitory effect,
B measures the infection force of the disease and ﬁ measures the inhibition effect from

the behavioral change of the susceptible individuals when their number increases or from
the crowding effect of the infected individuals. This incidence rate seems more reasonable
than the bilinear incidence rate 551, because it includes the behavioral change and crowding
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effect of the infected individuals and prevents the unboundedness of the contact rate by
choosing suitable parameters. In the last years, many forms of incidence function have been
considered by the researchers in mathematical epidemiology. For example, the first one is

the saturated incidence fgi 7 [3], where 8 and d are the positive constants. The second
BSIT

one is the Beddington-Deangelis incidence TraSrasl [6], where a;; and «vy are the positive
constants. The effect of saturation factor (refers to «; and a) stems from epidemic control

and the protection mesures. The third one is the standard incidence % [18,26]. In addition,

a recent Hattaf-Yousfi incidence BSI that includes the three above functions was
ag+ai1S+asl+azSIT

introduced in [24] and used in [36]. Models with incidence functions of the form g(/)h(S)
have been studied in [30, 37]. The most general incidence function f(S,[)I [25] which
generalizes the previous incidence functions has been studied by the many authors [4,10-12].

It is well known that treatment is an important and effective method to prevent and control
the spread of various infectious diseases. Therefore, it very important to adopt a suitable
treatment function. For instance, Wang and Ruan [40] introduced a constant treatment in SIR

model as follows:
r,I >0,
0,1 =0,

which simulated a limited capacity for treatment. Further, Wang [39] considered the following
piecewise linear treatment function:

T[,OSIS[(),
Tlo,I>Io,

where [ is the infective level at which the health care system reaches capacity.
Based on this, Zhang et al. [42] proposed the following saturated treatment function 1% T

where r is the maximal medical resources supplied per unit time and k is the saturation factor
that measures the effect of the infected being delayed treatment. A very general from of
treatment function 7°(1) was considered by Elazzouzi et al. [19].

Epidemiological models can contain a delay that is either discrete [8, 17] or continuous
[7,10,35] because the delays appear in differential equations to describe the time lag between
the action on the system and the system’s response to this action, or because a some threshold
must be reached before the system is activated. In [33], Liu proposed an SEIR epidemic
model with saturated incidence and saturated treatment function with two discrete delays: the
time delay due to the latent period of the disease and the time delay due to the period that the
infected individuals use to move into the recovered class.

Motivated by the above works, we propose a mathematical SIR model that generalizes
the above models and incorporates the general nonlinear incidence function f (.S, I)I, general
function treatment 7'(/) and two discrete time delays, the first 7y described the time delay
due to the latent period of the disease and the second 75 is the time delay due to the period
that the infected individuals use to move into the recovered class. This model is given by the
following nonlinear system:

%ét) = A—pSEt)+nl(t) — f(SE), I(t)I(1),
TP = F(S(t =), I = ) (=) ~mI (1) =l (t = 72) = T(I(t = 7).
PO = TI(t— 1) +yl(t — ) — uR(t),

(1.1)
where 7, = p + 71 + a. Here A is the constant recruitment rate into the population, S(t)
represents the number of individuals who are susceptible to disease, that is, who are not yet
infected at time ¢, (t) represents the number of infected individuals who are infectious and
are able to spread the disease by contact with susceptible individuals at time ¢, R(t) is the
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number of individuals who have been infected and temporarily recovered at time ¢, y is the
natural death rate of the population, 7; is the units of time after infection expressing latent
period, 75, is the time delay due to the period that the infected individuals use to move into the
recovered class, 7, is the transfer rate from the infected class to the susceptible class, 75 is the
transfer rate from the infected class to the recovered class, « is the disease-induced death rate,
T'(I) is the general treatment function and f (.S, /)1 is the incidence function, i.e., the number
of susceptible individuals infected through their contacts with the infectious individuals.
Model (1.1) generalizes several special cases existing in the literature. For example, Abta

et al. [1] studied the model (1.1) with f(S, )] = 22—, 71 = 0, , = 0 and T(I) = 0.
In [25], Hattaf et al. studied the model (1.1) withy; = 0, 75 = 0 and 7'(/) = 0. In [40], Wang
and Ruan studied the model (1.1) with f(S,[)] = 8SI,v1 =0, m =17 =0and T(/) =r.
In [39], Wang studied the model (1.1) with f(S, )] = SI,v =0, 77 = 75 = 0 and

r1,0< 1< I,
T([) o { T’[o,] > 1.

In [5], Balamuralitharan et al. studied the model (1.1) with f(S, )] = 5SI, v =0, 7, =
7o = 0and T'(I) = rI. In this paper, the initial condition for the system (1.1) is:

S(Q) = 901(9)7 ](e) = 902(9)7 R(@) = 903(0>a NS [_T’ 0]7 (12)

where 7 = max{7, 75} and ¢ = (1, ¥2, 3)T € C such that ¢;(#) > 0 for —7 < # < 0 and
i =1,2,3. The space C denotes the Banach space C([—7,0],IR? ) of continuous functions
mapping the interval [—7, 0] into R%, with the supremum norm, where R o = {z € R | 2 >

0}. Also, we assume that ¢;(0) > 0 for ¢ = 1, 2, 3. On the other hand, the first two equation in
system (1.1) do not depend on the third equation, and therefore this equation can be omitted
without loss of generality. System (1.1) can be rewritten as

{ %g)) = A—pS(t) +nlt) - f(S(), 1)),
i = S —n) It =m))I(t —7m) —md(t) =l (t —m) =T - 72))(71 3
the incidence function f(S,I)I : R x RT™ — R™ is a continuously differentiable and locaily
Lipschitz function on R™ x R* and satisfying the following hypotheses (see [11,25]):

(Ho) f(0,1)=0for I > 0;

(Hy) f(S,I) is a strictly monotone increasing function of S > 0, for any fixed I > 0;
(Hy) f(S,I)is a monotone decreasing function of I > 0, for any fixed S > 0;

(H3) ¢(S,I)= f(S,1I))I is a monotone increasing function of I > 0, for any fixed S > 0.

Moreover, the treatment function 7 : Rt — R* is a locally Lipschitz continuous
differentiable function on R satisfying the following hypotheses (see [19])

(To) T(0) = 0;

(1Y) @ is a monotone increasing function of I > 0.

The rest of the paper is organized as follows. In Section 2, we carry out mathematical
analysis about the basic reproduction number and the existence of equilibria of the model
(1.1). In Section 3, we study the global stability of the disease-free equilibrium. Section 4 is
devoted to the stability and Hopf bifurcation of the endemic equilibrium. An application of
our results and some numerical simulations are presented in Section 5. At the end, we present
some concluding remarks.
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2. MATHEMATICAL ANALYSIS

In this section, we prove the basic results which guarantee the positivity of solutions as well
as the existence and uniqueness of the endemic equilibrium for system (1.3) under initial
condition (1.2).

Lemma 2.1:
The closed set:

Q= {(S,I) e RTVS+1< %}

is positively invariant with respect to system (1.3).

P
Lg?%( t) = S(t) + I(t), and (S, I) € (R™)2 Then it follows from system (1.3) that
—d]zt(t) = A—pS(t) — pl(t) — al(t) — vI(t — ) — f(S(t),1(t))1(t)

+f(St—m), I(t—m))I(t—71)—T(t — 1))
— A~ uN() / F(8(0), 1) I(0)do — T(I(t — 7)) — aI(t) — 3ol (t — 72).

By the hypotheses, we have
T(I(t— 1)) >0and f(S(t),1(t)I(t) >0 forallt > 0and 1, > 0.

Then AN (1)
t
< A—uN(t
which implies that N (t) < ﬁ when N (0) < f. This completes the proof. O

Hence, we discuss system (1.3) in the closed set ¢2. Next, we discuss the existence of
equilibria for system (1.3).
The basic reproduction number of system (1.3) can be defined by

74,0

RO — )
m + M2

where 7, = 7, 4+ 1" (0). Note that the system (1.3) always has a disease-free equilibrium
Py = (3,0). On the other hand, to prove the existence and uniqueness of an endemic
equilibrium, we need the following Lemma as in [19].

Lemma 2.2:
Assume that the assumptions (Ty) and (11), are satisfied. Then by — ayu — T'(u) = 0, for
as > 0 and by > 0, has a unique positive solution uy, and by — asu — T'(u) > 0, for all

u € [0,uy), and by — asu — T'(u) < 0 forallu € [ul,a]

Proof
Let L be the function defined on R™ by

L(u) := by — agu — T'(u),

we have: L(0) = b, > Oand L(2) = —T(2) < 0and L' = —ap = T < 0.
Since L is continuous and is strictly monotone decreasing function, then the equation
L(u) = 0, has a unique positive solution in the interval (0, Z—z) This completes the proof. [
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Theorem 2.1:
Under the hypotheses (H,), (Hs), (Ty) and (1) if Ry > 1, then system (1.3) admits a unique
endemic equilibrium P* = (S*, I*), with
oA (utpto)l"+T(I)
I I ’

and I* is the unique solution of the following equation:

A +yt+a)l+T(1 T(I
p p I
Proof
For simplicity, we put
T(1
iy~ T

At an equilibrium point (S, I) of system (1.3), the following equations hold.
{ A—puS+mI—f(S,1)I =
fS, I = (m + )] =T (1) =0.

Substituting the second equation into the first equation of (2.4), we obtain the following
system:

(2.4)

S:é— (u+v+a)l+T()
0 0 ’ (2.5)

(S, DI = (m +72)I +T(I).
If I = 0, we obtain the disease-free equilibrium point Py = (ﬁ, 0). If I # 0, then using (2.5)
we get the following equation

A (ptye+a)l+T0)
I 10

We have S = % — M, which implies that S < ﬁ. By Lemma 2.2, we have

o
f — Wt IATU) g if and only if I € [0, I;), where I; is a unique positive solution of

the equation Z‘ M = (. Hence, there is no positive equilibrium point if S > ;

or [ > I,. Now, we con51der the function ¢ defined on the interval [0, [;] as follows

f( I)=m+y+K().

ot i= f(y - UEREDLET gy 004 K (1)),
We have
lim g(1 45
g () = £(7,0) = (m +m2)
f(£,0)
= (m +772)<?71 1 - 1)
= (m +m2)(Ro—1) >0 for Ry > 1,
and

g(Ii) = —=(m + 1+ K(L)) <0.
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Furthermore,
(]>__u+72+a+T’g of
= 1 9s " ol

According to the hypotheses (H,), (H) and (7)), we have g (I) < 0. Hence, there exists
a unique endemic equilibrium P* = (S*, I*) with I* € (0,/;) and S* > 0 satisfies the
A (u+vy2+a)I*+T(I*)

equations S* = i m . This completes the proof. [

- K.

3. GLOBAL STABILITY OF THE DISEASE-FREE EQUILIBRIUM

In this section, we establish the global stability of the disease-free equilibrium F; of system
(1.3). We can defined
f(£,0)

T

Note that
Ry < R,.

Theorem 3.1:
Suppose the hypotheses (H1), (H2), (To) and (1) hold.

* If Ry > 1, then the disease-free equilibrium F, of system (1.3) is unstable.
o If Ry < 1 then we distinguish three cases:
(i) The disease-free equilibrium Py of system (1.3) is globally asymptotically stable
whenever 1 > Ty.
(ii) When R. <1, the disease-free equilibrium P, of system (1.3) is globally
asymptotically stable for all Ty > 0 and 15 > 0, then in particularly for o > 1.
(iii) When R. > 1, the equation (3.9) has a purely imaginary root. If more hg(wé‘zo) # 0,
then there exists a positive T, , where system (1.3) undergoes Hopf bifurcation at
Py when 13 = 735 o However, the steady state Fy is locally asymptotically stable
when 7, € [0, 73, ) and unstable when 5 > T3, o, where T3,  is given by

. 1 f(éa 0) cos (W§2,07'1) — T
Tho o = arccos ( ),
’ Wa 0 72

and ws, o is the positive root of equation (3.9), and hg are defined in equation (3.13).

Proof

o If Ry > 1, then the characteristic equation at F is given by
A —\T — AT
()\JFM)()\—JC(;’O)@ t e ) = 0. (3.6)

Obviously, A = — is eigenvalue for (3.6), and hence, the stability of F is determined by the
distribution of the roots of equation

A
A — f(;, 0)e ™ 41y 4 mpe ™2 = 0. (3.7)
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We put
A
T\ =X — f(;, O)e_’\T1 +m+ 7726_>\7—2.
We have
lim U(\) = +o0,
A—~+o00
and

A
V(0) = —f(;, 0) 4+ 11 + 12

) 1(2.0)
= (m +m)(1 - )

= (m +n2)(1 — Ry).

Since the function W(\) is continuous on the interval [0, +00), we conclude that the equation
U(\) = 0 has a positive real root and the disease-free equilibrium is unstable when Ry > 1.

)

o If Ry < 1, then there are three cases:
- First case 71 > 7

Consider the following Lyapunov functional

S(t—1) A’ 0
Vo(t) :[4 (1- ];f(; 0;)d0+[

A

t t—1o _70
+m /t_T2 [(€>d€+/t—71 %JC(S(U),[(U))[(U)M

We will show that %t(t) < 0 for all ¢ > 0. We have
dVo(t) f(2,0)
T - (1 - f(S(t _ 7_1)70))<A - /JJS(t - Tl) + ’VII(t - 7—1)

—f(St—m),I(t —m))I(t —71))
+ f(S(t—7), It —m))I(t — 1) —ml(t) — It — 1) = T(I(t —T2))
+mI(t) —mlI(t—72)

b TG0t )T —m)
7050 — 7.0 ’
C TGO sy = )T — 7))
S =m0 A =n)It-n )
F(.0)

(50— )0y S~ b It =) = 7))
= (m+ )t =) = T(I(t = m)).
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Then we have
dVp(t) f(£,00 4 f(£,0)
MR EE ) ST I I e )
(m -+ 3)I( = 72) + T = 7))
f (t—TQ),I(t—TQ))](t—TQ) B 1)
t—’TQ O)[(m +y2) It — 1) + Tt —72))]
FA0) 4 £(2,0)
:U’(l f(S(t _ 7_1) O))(ﬁ - S(t - 7-1)) + 71[(t - Tl)(l - f(S(t — 7_1>70>
+ (m + 7)1t = 72) + T (= 72)
( 2 f(S(t =), I(t — 7)) _1>
m+r+KIE-m"))  f(S(E—")0) .

)

AA

)

Furthermore, it follows from the hypotheses (H>), () and (7}) that
f(S(t = 72), I(t = 72))

<1,
f(S(t—Tz),O) -
and
m =+ 2 :771+72+lim1_>0%
T KOG )~ v TS
<1
Hence,
i) 40 4 F(4.0)
< p(l - —=S{t—71))+nI({t—m)(1— K
e (T NG L A (O AL

+ [(m +72)I(t = 72) + T(I(t — 72))](Ro — 1).
By the hypothesis (H; ), we obtain that

A0
f(u ) )(é—S(t—Tl))go’

550,00

and
£(4,0)
f(S(t—7),0)

It —7)(1 - ) <0,

where equality holds if and only if S = £

Since Ry < 1, ensures that dVO( ) < 0, for all t > 0, Thus, the disease-free equilibrium F is
stable and d‘i‘;t(t) = 0 holds if and only if S = ﬁ and

S(t—72),Il(t—T .
[(771 + ’yg)l(t — 7'2) + T(I(t — 7'2))] (R() 771+72—7-1I;r(1}2(t—72)) f( ]EIES(tQ—)TQ(;,O)Q)) _ ]_) =0. We dis-
cuss two cases:
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e If Ry < 1, then it follows from S = f and Lemma 2.1 that [ = 0.
e If Ry = 1, then it follows from S = g and Lemma 2.1 that [ = 0.
By the above discussions, we deduce that {F,} is the largest invariant set in

{(S I) dVO Wolt) 0}. From the Lyapunov-LaSalle theorem [31, 32], we conclude that
Py is globally asymptotically stable.

-Secondcase 7, =T, =T
Consider the following Lyapunov functional

S(t—7) é,() ¢
Wo(t):/ (1-— / K ))d0+1+771/t_ I(¢)de.

We will show that dWO( ) < Oforall ¢t > 0. We have

AWy (t) f(%ﬁ)
o ~F(S(t—1),0)
— f(S(t=7), I(t = T)I(t — 7))
+ (St —7), It =)t — 1) —=mI(t) =Tt —7))+mI(t)
—(m+y)I(t-7)

JA = pS(t—7) +nl(t—7)

f(£,0) A f(£,0)
= p(l - m)(; =St —=7)) +nl(t—7)(1 - —f(S(t—T),O))
F(£.0)
+ fS@ =), It —=7)I({t—7))

Then we have

T 1 e D) 5= 7) + I 7)1~ )
+ (m+ )1t =7) + T~ 7))
o JE,0(S(t=7),1(t= 7)) )
(ST =0)0)(mn + 22+ K1t = 7)) )
— (1~ f(S]Ei“_’ O)) O>><§ = S(t=7) +nl(t-7)(1 - %)
+ (o + ) =) + T(I(E = 7))
( M+ 1 f(S(t—T)J(t—T))_l)
A+ K(IE-7)  J(SE-7).0)

Furthermore, it follows from the hypotheses (Hs), (7p) and (77), we have

fS(t=7),I(t—71))
f(S(t=7),0)
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and
m + 12 _ +72+1im1—>0w
(m +72) + K(I(t—T)) T+ s+ (1(<t T)»
<1
Then
dWo(t) f(ﬁ,O) A 7(4,0)
<p(l— —m T V25— It — 7)1 — — e
o =M o) G ST AT = D) = S

+ [(m + 72)1 t—7)+ T —7))](Fo—1).

By the hypothesis (H;), we get that

F0) A

W’

and

where equality holds if and only if S =
Since Ry < 1, we deduce that —~~ dWO < 0 for all ¢ > 0. Thus, the disease-free equilibrium Fy
is stable and dWO = 0, holds if and only if § =

S(t—),I(t—7 .
and [+ 20— 7) + T~ ) (Row’f;?;(t,ﬂ) USUAI) 1) — 0. W dis
cuss two cases:

e If Ry < 1, then it follows from S = f and Lemma 2.1 that 7 = 0.
e If Ry = 1, then it follows from S = f and Lemma 2.1 that 7 = 0.

Therefore, {P,} is the largest invariant set in {(S I )|dWQ(t> 0}. From the Lyapunov-
LaSalle theorem [31,32], we conclude that F is globally asymptotically stable.

- Third case 7, > 7|

Suppose that R. < 1. Consider the following Lyapunov functional

S(t) 4.0 t
i = [0 T a1 [ s, 1)

Copyright © 2025 ASSA. Adv Syst Sci Appl (2025)
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We will show that 2 < () for all ¢ > 0. We have

40
O — (1 TG ) 00~ FSO. 1))
+ S —7), It —m)It—7) —mI(t) — It —m) — Tt — 7))
+ f(S@), L) I(t) = f(S(E—7), L(t = 7)) I(t—7)
B F(34,0) A f(4,0)
4.0
+ %ﬂs(t% 1)) —mi(t) —l(t —72) = Tt - 72)).
Then we have
é’() é’()
W0 — 1 g = S(0) 41001 - g
A 0)F(S(t), I(t
+ nl](t)(f(“f(?gjzi),i);m ®) — 1> — Yl (t — 1) —T(I(t — 12)).
Hence,
dUy(t) f(4:0) A f(2.0)
L= (1 = )G = S+ I 01 = ) -
+m(t) (Rc% - 1) —l(t —72) = T(I(t — 7))
Furthermore, it follows from the hypotheses ( Hs) that
f(S@), 1(t))
fis.0) ="
and by the hypotheses, we have
It —7m) >0and T(I(t — 1)) > 0.
Then
dUo(t) f(£,0) A f(£,0)
o <p(l- G0} 0))(/~L S(t))Jr%f(t)(l—m)
+mI(t) (R~ 1),
By the hypothesis (H;), we obtain that
f(£,0) A
(1- m)(ﬁ —5(t) <0
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and

f(£.0)

=m0~ 5@,

) <0,

where equality holds if and only if S = £

Since R, < 1, ensures that dUO(t) < O for all ¢ > 0, Thus, the disease-free equilibrium F is
stable and by the equation (3. 8) dUO = 0, holds if and only if S = % and [ = 0.

By the above discussions, we deduce that {F,} is the largest invariant set in
{(S I )|dUO D — O}. From the Lyapunov-LaSalle theorem [31, 32], we conclude that

Py is globally asymptotically stable for all 7y > 0 and 7 > 0. Then F, is globally
asymptotically stable for all 7o > 7.

Now, we suppose that Ry < 1 and R. > 1 The characteristic equation at F; is given by
the equation (3.6), obviously, A = —p, is eigenvalue for (3.6), and hence, the stability of I
is determined by the distribution of the roots of equation

A\ — f(%, 0)e ™ + 1y + mee” ™ = 0. (3.9)

Equation (3.9) has a purely imaginary root iwse, with wys > 0 if and only if
f(é’ 0) cos (waaT1) — M = 12 cos (wa2T2), (3.10)
Wao + f(%, 0) sin (waaT1) = M sin (waaTs). (3.11)

Squaring and adding the squares together, we obtain

A
wiy + 17 + f(_aO)Q —
é (3.12)
w’

— 27]1f( ) COS (w227'1) -+ 2&)22][(%, O) sin (w227'1) =0.

We put
A
ho(waz) = wiy + 17 + f(—,0)* — 3
p a ) (3.13)
- 2771f(;, 0) cos (waaTi) + 2w22f(;, 0) sin (wqaT1).
On the other hand, we have
—1 < cos (weamy) < land —1 <sin(wypn) < 1.

Then we have
go1(wa2) < ho(wae) < goa(waz),

where 4 1 1
gor (wa2) = wiy + i + f(ﬁ 0)* — 73 — 2771f(— 0) — 2w22f(; 0),

and A A A
goz(waz) = Wiy + 1 +f(; 0)? —7754‘2771][(” 0)+2w22f(— 0).
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We have
lim  goi(we2) = lm  goa(wes) = +o0.
wa2—>+00 w22 —+00
Then
lim ho(&)gg) = 400,
w22 —r+00
and

Since ho(ws2) is continuous in [0, +00), then the equation (3.9) has at least one positive root.
We assume that equation (3.9) admits a finite family of solution ws, ,, with o = 1,...,m and
m € N.

By the equation (3.10), we have

1 f(4.0) cos (w3 oT1) — 1
7‘2fO: <arccos( (“ ) ( 22 ) 1)+2Hf>,f:(),1,...;0:1,2,...,m.
7 W32.0 P

Then +iw3,, is a pair of purely imaginary root of equation (3.9), with 7, = 72f7 o [ =
1,2,....; o =1,2,...,m. Clearly,

f

lim 75 , =00, 0=1,2,...,m.
f—o0
Thus, we can define
«  _ _fo _ : f k%
T22,0 = T2,00 = M (72,0)7 Wag 0 = W o

f=0,1...,0=1,2,....m

Lets show that w3, ( is simple, consider the branche of characteristic roots A(73) = z1(72) +
iy1(72), of equation (3.9) bifurcating from iws, ; at 7, = 73, ;. By derivation (3.9) with respect
to the delay 75, we obtain

dA A

— <1 + 7 f(=,0)e ™ — 727726’)‘72) = Ape ™. (3.14)

dro I

If we suppose, by contradiction, that iw3, , is not simple, the right hand side (3.14) gives
Z'W;2,0772 =0,

and leads a contradiction with the fact that w3, , > 0, and 7, > 0.
Next, we need to grantee the transversality condition of the Hopf bifurcation theorem (see
[23]). Clearly, A(72) = x1(72) + iy1(72), is a root of equation (3.9) if and only if

A
1 +m — €_Imf(;> 0) COS (lel) = —e "'y cos (y172), (3.15)
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A
U1 + eixlﬁf(E, O) sin (lel) = 673617—27]2 sin (leQ). (316)

Let -’El(7'2*2,0) and y; (7'2*2,0) satisfying m1(7'2*2,0) =0, and 91(72*2,0) = WSQ,()- By
differentiating equations (3.15) and (3.16) with respect to 7, and then set 75 = 7'2*2’0. Doing
this, we get
day(735) INeN dy1(73,,0)

=nh
1,0 s 2,0 irs 1,05 G
d$1(7'2*2,0) dyl(Tz*z,o) .
— Gop——— + Gro———" = hap,
’ dTg ’ dTQ
where 4
Gio=1+ Tlf(ﬁ, 0) cos (w;wﬁ) — Ty COS (w;ng),
A . . ) .
Gao = Tlf(;» 0) sin (W22,071) — Ta7)2 511 (W22,072)7
hio = W§2,0772 sin (W;2,07'2)a
and
hao = W;2,0772 COs (Wikz,oT?)-
Calculating %52’0), we get
d$1(7'2*2,0) _ G1oh10 — Gaphayp
Therefore, according to the equation (3.10) and (3.11) we have
dxl(Tz*z,o) _ Wgz,oh/ (W§2,0) 20
dry 2(G3 o+ G5 ) '
This proves the Theorem. 0

4. STABILITY AND HOPF BIFURCATION OF THE ENDEMIC EQUILIBRIUM

In the next, we will study the local stability of the positive equilibrium P* with respect to the
time delay.

Weset v =5 — S*, and y = I — I*. Then the linearized system of equations around the
equilibrium point P* is given as follows:

dx af(s* I* of(S*, I*
W e = O ey - D 1 s 1) i),
dy f(5,1%) OF(S*, 1)

et —7) 4 ( I"+ f(S5, 1)yt — 7)) — my(t)

dt S oI
—(2 + T (I7)y(t — 72).
For simplicity, we put 73 = 72 + T'(I*),andny = p+1 *%. Hence, the characteristic
equation at P* is given by
* Of(S™,I%) *TH
AN T, 7) = N r i HIEL ) = = 0.

SIS A — (PG (S 1))en ™ 4 e
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By a simple computation, we get

AN 11, 1) = PN +QN)e ™ + J(N)e ™ =0, (4.18)
where
P(\) = )N+ A\ + B,
Q\) =CA+ D,
J(A\) = EX+ F,
Ay =m +m,
B =mm,
of (5", 1)
0=y pise ),
8 5*7 I* * * *
p= (P psr)
o OF(ST ) . s (5™, 1) ..,
— (P g5t ) - PR
E = ns,
and
F = nuns.
By the hypotheses (H») and (7)), we easily deduce that (see [20, 28])
T (I*) — T(II ) > 0, (4.19)
and
* I*
£S5, 1) — (%(g £ > (4.20)

Several cases arise.

4.1. Caseti =17,=0

Theorem 4.1:
If Ry > 1 and 71 = 15 = 0, then the endemic equilibrium P* is locally asymptotically stable.

Proof
When 7, = 7 = 0, the characteristic equation (4.18) reads as

N4+ (A +C+EN+(B+D+F)=0
By using the second equation of system (1.3), we have
T(I%)
I
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Then
of(S*, I*) , N
A1+C+E:n1+n4—(%f + f(S*, 1)) + 3
o Of(s I L ey L)
and
Df(S*, 1) . o af(S*,1%) .
B+D+F=mn4—/t(%l +f(5,l))—%%f
+ Nam3
o T Of(S I
=t (1) = P ORI ) o)

of(S*,I%)

I*.

By the hypotheses (H;), (Hz), (1), and equation (4.19), we have A; + C + E > 0 and
B+ D + F > 0. Hence, according to the Routh-Hurwitz criterion, the endemic equilibrium

P~ is locally asymptotically stable. This completes the proof.

4.2. Case 1 > 0and 5 =0
Theorem 4.2:

]

If Ry > 1, 1y >0 and 15 = 0, then the endemic equilibrium P* is locally asymptotically

stable.

Proof
When 7; > 0 and 75 = 0 the characteristic equation (4.18) becomes

A(AaTl) = )\2 + (Al + E))\ + B+ F+ ()\C + D)ef)\n —0.

Equation (4.22) has a purely imaginary root ¢w;, with w; > 0 if and only if
wi — (B+ F) = Dcos(wim) + w Csin (w),

and
wl(Al + E) =D sin(wlﬁ) - (,UIC COS (wlﬁ).

Squaring and adding the squares together, we obtain
Wi+ cw? +d =0,

withc = (A, + E)> —2(B+ F)—C?andd = (B + F)? — D2
Letting 2; = w?, then equation (4.23) becomes the following equation

2 +cen +d=0.
On the other hand, we have

d=(B+F)*-D?
= (B+ F—D)(B+F+D).

(4.22)

(4.23)

Using the case 71 = 75 = 0, we have (B + F' + D) > 0 and by using the hypotheses (H;),
(H3) and (71), we have (B + F'— D) > 0 then we have d > 0. Now, we will prove ¢ > 0.
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Indeed ¢ = (A; + E)? — 2(B + F) — C?, we have

(A1 + E)? = (m +n3 +m)”.
By using the equation (4.21), find that

(A4 B = (571 4 me+ 7 (1) - DY’

= (8" ) + i + 2f (8" ")

vy -y oy - T sy o () - By,
and
—2(B+ F) = —2na(m + n3)
= (5" I — 20u(1' (1) — TV
and
_02 _(af<‘g*[7 [*)[* + f(S*,[*))Q
8¢(S*,[*) 2
= (e

Then we have

o~ (1 PASOIONY . | QOASOIOYY
vy -y oy - ) g,

By the hypothesis (H3) and equations (4.19) and (4.20), we have ¢ > 0. Then the equation
(4.23) has non positive solution.

Consequently, using the case 7 =7, =0, the endemic equilibrium P* is locally
asymptotically stable . This completes the proof. [

43. Case 1 =T =T

Consider the assumption:

dp(S* I* OF(S*,I*) 7%
pOHENI) | O NI

m—"2+ < T (I*). (4.24)

M4

Theorem 4.3:
If Ry > 1 and (4.24) holds, then there exists a positive Ty where system (1.3) undergoes Hopf
bifurcation at P* when T = 19. However, the steady state P* is locally asymptotically stable
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when T € [0, 1) and unstable when T > 1. Here T, is given by

o —arccos((D + F)(wi — B) —wiA(C+ E)
7 W WA(C+ E)?+ (D + F)?

v+ /(2% — 4y)
Wo = 9 )

where x and y are defined in equation (4.28).

Proof
When 71 = 7 = 7, the characteristic equation (4.18) becones

),

and

AMNT) =X+ AN+ B+ [MNC+E)+ (D+ F)le™ =0.

Equation (4.25) has a purely imaginary root iw, with w > 0
Aiw, ) =0,
if and only if
w? — B =w(C + E)sin (wr) + (D + F) cos (w7),
wA; = (D + F)sin (wr) —w(C + E) cos (wT).
Squaring and adding the squares together, we obtain
w4 azw? +y =0,

with
r=A?-2B— (C+ E)?

and
y:BQ—(D+F)2.

Letting z = w?, equation (4.28), becomes the following equation

24 rz+y=0.
On the other hand, we have

y=B?>— (D + F)?
:<B+D+F)(B—D—F).

(4.25)

(4.26)
(4.27)

(4.28)

(4.29)

Using the case 71 = 72 = 0, we have B + F' 4+ D > 0, and the assumption (4.24) implies that

B —D — F <0, then we have y < 0.
Consequently, the equation (4.29) has a unique solution positive

—x + /(2% — 4y)
20 = .

2

Then the equation (4.28) has a unique positive solution

—r 4 /(2% — 4y)
Wy = 9 .

Copyright © 2025 ASSA. Adv Syst Sci Appl (2025)



STABILITY ANALYSIS OF A DELAYED EPIDEMIC MODEL... 73

On the other hand, the equations (4.26) and (4.27) imply that
1 (D+ F)(w2 — B) —wiA(C+ E)

Tozw—oarccos( RC+ER+ (DT FP )
Lets show that iw, is simple, consider the branche of characteristic roots A\(7) = k(1) +
ij(T), of equation (4.25) bifurcating from iwy at 7 = 79. By derivation (4.25) with respect
to the delay 7, we obtain

P20+ A+ (0 + B~ MO+ E) + (D + F)r)) = AAC + B) + (D + F)le™.

dr
(4.30)
If we suppose, by contradiction, that 7w is not simple, the right hand side (4.30) gives
iwo(C+ E)+ (D+F)=0.

On the other hand, the equation (4.24) implies that B — D — F' < (0, and by the
hypotheses (H;), (H3) and (7)), we have B >0,—D >0 and F > 0 then we have
—D < F. This contradicts —D = F.

Next, we need to guarantee the transversality condition of the Hopf bifurcation theorem
(see [23]). Clearly, A\(7) = k(7) + ¢j(7) is a root of equation (4.25) if and only if
H—f+Am+B:—{WQMC+EH%D+DR%Uﬂ+ﬂC+EﬁmQﬂ)

4.31)
and

2kj + jA; = —e*7 (j(C + E)cos (j7) — [K(C + E) + (D + F)]sin (ﬁ))- (4.32)

Let k(1) and j(7p), satisfying k(7p) = 0, and j(79) = wo. By differentiating equations
(4.31) and (4.32) with respect to 7 and then set 7 = 7y. Doing this, we get

Gldk(TO) +G2d‘7(7—0) — hy,
dr dr
_G2dk(7—0> + Gl d](TU> — hg,
dr dr
where
G1 = Al + [(O + E) — To(D + F)] COS (CU()T[)) — TQCL)Q(C + E) sin (WQTQ),
Gy = —2wy + Towo(C + E) cos (womo) + [(C' + E) — 170(D + F)] sin (woTo),
hy = wo(D + F)sin (wer) — wi(C + E) cos (woTo),
and

hy = w3 (C + E) sin (woo) + wo(D + F) cos (woo).

Also, we have
dk?(To) o G1h1 - Gghz

dr G?+G:
Therefore, according to the equations (4.26) and (4.27) we have
dk(ro)  wiy/2% — 4y
dr  G3+G:
This completes the proof. ]
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4.4. Case 75 > 0and 71 =0
Theorem 4.4:

If Ry > 1 and (4.24) holds, then there exists a positive o where system (1.3) undergoes
Hopf bifurcation at P* when 19 = 75 9. However, the steady state P* is locally asymptotically

stable when 15 € |0, T20) and unstable when 5, > 5. Here T4 is given by

| [wS,O(F — E[A,+C]) — (B+ D)F
To g = —— arccos
20 W20 w§70E2 + 2

)

and

yy — \/—p+ V(p® —4q)
) 2 )

where p and q are defined in equation (4.36).

Proof
When 7 > 0 and 7; = 0, the characteristic equation (4.18) becomes

AN T) =N+ (A +O)N+ B+ D+ (AE + Fe ™ =0.

Equation (4.33), has a purely imaginary root iws, with wy > 0,
A(’iWQ, TQ) = O,

if and only if
w2 — (B + D) = wyEsin (wym) + F cos (weTy),

wa(A; 4+ C) = F'sin (weTa) — wa F cos (waTy).
Squaring and adding the squares together, we get
wy +pw; +q=0,

with
p= (A +0C)*—2(B+D)— E?

and
q=(B+D)*—F2

Letting 2, = w3, equation (4.36) becomes the following equation
25+ pz+q=0.
On the other hand, we have
q=(B+ D)*—F?
—(B+D+F)(B+D-F).

(4.33)

(4.34)
(4.35)

(4.36)

(4.37)

Using the case 7 = 72 = 0, we have B + D + F' > 0, and the equation (4.24) implies that
B — D < F, and by the hypotheses (H;), (Hz), and (77), wehave B > 0, D < 0 and F' > 0,

then we have B + D < F) then, we have ¢ < 0.
Consequently, the equation (4.37) has a unique solution positive

—p+ v/ (p* — 4q)
5 .

22,0 =
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Then the equation (4.36) has a unique positive solution

o \/—p+ V(P2 — 4q)
2,0 = 5 .

On the other hand, the equations (4.34) and (4.35) imply that

Ty) = —— arccos [w%’O(F —EA+C) - (B D)F]
20 = B+ P :

Lets show that iws ¢ is simple, consider the branche of characteristic roots
A(12) = u(72) + iv(1y), of equation (4.33) bifurcating from iws o at 7, = 72 9. By derivation
(4.33) with respect to the delay 72, we obtain
d\
= (2)\ YA Ot e (B - [\E+ F]@)) —AME+ F)e™™.  (4.38)
T2
If we suppose, by contradiction, that iw; o is not simple, the right hand side (4.38) gives
iWQ’OE + F = O,

and leads a contradiction with the fact that wy o > 0, £ > 0 and F' > 0.
Next we need to guarantee the transversality condition of the Hopf bifurcation theorem
(see [23]). Clearly, A(72) = u(7) + iv(72), is a root of equation (4.33), if and only if

u =+ (A +Cu+ B+ D=—e "7 ([uE + F]cos (v12) + vE sin (’UTQ)), (4.39)

2uv+v(A +C) = —e '™ <UE cos (vTe) — (uE + F') sin (ng)). (4.40)

Let u(1y0) and v(72p), satisfying u(m) =0, and v(720) = wao. By differentiating
equations (4.39) and (4.40) with respect to 7, and then set 75 = 73 9. Doing this, we get

d d
G, MUm20) | o dv(mo) _
dTQ dTQ
d d
—Gy u(72,0) G v(720) — h,
dTQ dTQ

where

Gg = Al + C + (E — TQ’DF) COS (W2707'270) — TgyowZQE sin (W270T270),

G4 = —2&)2,0 + 7'270(4}2,0E COSs (w2707'2’0) + (E — TQ’OF) sin (w2707'270),

hg = WQ,OF(O) sin (WQ707'2,0> — CU;OE COS (WQ’OTQ’O)’

and

h4 = CUiOE sin (CUQ707'270) -+ CdzyoF(O) COS (w2707270).

Further, we have
du(Ts,0) _ Gshs — Gihy

dTQ N Gg + GZ
Therefore, according to the equations (4.34) and (4.35) we have
du(Ta0) o W%o\/ p? —4q
dT2 G% + Gi )
This completes the proof. ]
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4.5. Case 71 > O0and 75 > 0

Theorem 4.5:

If Ry > 1, Gshs — Gghg # 0 and (4.24) holds, then there exists a positive Ty o Where system
(1.3) undergoes Hopf bifurcation at P* when 7, = 75 ,. However, the steady state P~ is locally
asymptotically stable when T € |0, 72*70) and unstable when T, > 75 ,. Here 75 is given by

. 1 [(F — EAy)(w30)? — FB+wj o(ED — CF)sin (wj 1)
Toog = —2— arccos
20wy (w3 oE)? + F?

(DF + EC(w§’O)2) cos (w3 o71)

- (W50 B)? + 2 !

where wj , is the positive root of the equation (4.43), and G5, Ge, hs, he as defined in (4.43).

Proof
Equation (4.18) has a purely imaginary root iw;, with wj > 0,

A(iws, 11, 12) = 0,
if and only if
(w3)? — B — wiC'sin (wiT) — D cos (wit) = Bw} sin (wim) + Fcos (wim),  (4.41)
and
Ajw; + w3 C cos (wyty) — Dsin (wym) = Fsin (wyme) — Fwj cos (wyTs). (4.42)
Squaring and adding the squares together, we obtain
(@3)' + (3)2(C? + A3 — B?) + B2 + D — F2 4 2([-(w3)°C

(4.43)
+ Wi (BC — Ay D)]sin (wim) + [(w3)*(41C = D) + BD] cos (wjm1) ) = 0.

We define
h(ws) = (w3)* + (w3)*(C* + A} — E*) + B>+ D* — F?

+ 2([—@;)30 4 wWE(BC — A, D)]sin (wim) + [(w)2(A,C — D) + BD] cos (wgﬁ))

(4.44)
On the other hand, we have

—1 <sin(wyn) <land —1 < cos(wym) <1,
and by the hypotheses (H), (Hs3) and (77 ), we have
BD <0,A,C<0,-D>0,—C>0,BC <0and — A1D > 0.

Then
g2(w3) < h(w3) < g1(w3),

where
g1 (w3) = (WH)* — 2(w3)*C + (wW3)?*[C* + A2 — E* — 2A,C — 2D)]

—w3(2BD +2A,D) + B* + D* — F? — 2BD,
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and
g2(w3) = (w3)* +2(w5)°C + (w3)*[C% + AT — E? +2A,C + 2D
+w3(2BD +2A,D) + B* + D* — F* + 2BD.
We have
lim gi(wy) = lim go(wy) = +o0.
w3 —+00 w3 —+o00

Then we have

lim h(w}) = +o0,
w3 —+00

and

h(0) = B>+ D* +2BD — F*?
= (B+ D)* - F?

_ <B+D+F><B+D—F>.

By the case 13 = 75 = 0, we have (B + D + F') > 0, and by the case (7, > 0 and 7 = 0) if
the equation (4.24) is satisfied then we have (B + D — F') < 0. Therefore, h(0) < 0.

Since h is continuous in [0, +00), then the equation (4.43) has at least one positive root.

We assume that equation (4.43) admits a finite family of solution w3 ; with i =1,2,...;n.
n € N.

By the equations (4.41) and (4.42), we have

o 1 ( recos [(F — EA))(ws;)* — FB 4+ w; (ED — CF)sin (wj,;71)
bows (w30 E)? + F?

(DF + EC(w3;)?) cos (w3 ;1) .

Then +iw;,; is a pair of purely imaginary roots of equations (4.18), with 7 = ol =

0,1,..;t=1,2,...,n. Clearly,

. l_ .
lim7; =00, 1 =1,2,...,n.

=00
Thus, we can define
* lo : ! * *
Toog = T:° = min T, Wo g = Wa i .
2,0 10 1=0,1...i=1,2,..., n< z)? 2,0 2,10

Lets show that iw;, is simple, consider the branche of characteristic roots \(72) =
u1(72) + iv1(72), of equation (4.18) bifurcating from iw; , at 7, = 75,. By derivation (4.18)
with respect to the delay 7, we obtain

ax (2>\ YA+ [C = 1(AC + D)]e ™ 4 [B — m(AE + F)]e*”2> — AAE + Fle ™,

dTQ
(4.45)
If we suppose, by contradiction, that iwj , is not simple, the right hand side (4.45) gives
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and leads a contradiction with the fact that w3, > 0, £ > 0 and F' > 0.
Next we need to guarantee the transversality condition of the Hopf bifurcation theorem
(see [23]). Clearly A(72) = u1(72) + iv1(72), is a root of equation (4.18) if and only if

ud — v + Ay +e (Cu1 cos (v1my) + Cvy sin (v171) + D cos (v171)>
(4.46)
= _e um (Eu1 cos (v1Ty) + Evy sin (v172) + F cos (Ung)),

and
2uiv, + Ajvg Fe <C’vl cos (v171) — Cug sin (vy71) — Dsin (v171)>

(4.47)
= ¢ m (Evl cos (v172) — Euy sin (v179) — F'sin (1117'2)>.

Let uy(75,) and v1(75), satistying u,(75,) = 0, and v, (75,) = w3 o By differentiating
equations (4.46) and (4.47) with respect to 7, and then set 7, = 75 . Doing this, we get

d
G- U1d(7'2 0) G U1d(72 0) — s,
o 72 (4.48)
d“1(7'2,0) dvy (75 0)
— G + G5 = he,
dTg d7'2

where

Gs = Ay — 11Cwj sin (wioﬁ) + (C' =7 D)cos (wioﬁ) — 75 o Bw; o sin (w;OT;O)

+ (B — 7'2*,0F) COS (W;,oTz*,o)7

Go = ~2w3y + (C = D) sin (i) + 11Cw3 g cos (whgm) + (E = 150F) sin (w}4750)

* * * *
+ 7'2,0EW2,0 Cos (W2,07'2,0)a

hs = FW;,O sin (w;,OTQ*,O) - E(W;,O)Q CO8 (w§,07_2*,0)’

and
he = E(W;,0)2 sin (w;,OTQ*,O) + FW;,O COS (w;,OTQ*,O)'
Calculating duld(;g")), we get
dul(TQ*,o) _ Gshs — Gehg
dTQ Gg + G% .
This completes the proof. ]

S. NUMERICAL SIMULATION

In this section, we shall give some simulations to illustrate the previous results. For the
following, let’s consider the saturated incidence rate function:

BSI
I =
f(S7 ) 1+O{1[’
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and the treatment function

T()=rl.
We take the parameters of the system (1.3) as follows:

A=8 =095, pu=0.5 ~1=093, «a=0.03
=03, r=0.9, and a3 =0.5.

Some parameters are for the spread of tuberculosis disease in Turkey from 2005 to 2015
(see, [38]). The rest of the parameters are the hypothetical set of parameter values.

5.1. Casets =175 =0

By applying Theorem 4.1, the endemic equilibrium P* is locally asymptotically stable when
Ry > 1and 74 = 7 = 0. Figure 5.1 illustrates this result.

11 7
10.9
6.5
= =
510.8 =
6
10.7
10.6 : : : : 5.5 : :
0 10 20 30 40 50 60 0 20 40 60 80 100
t t

Fig. 5.1. Dynamics of system (1.3) when 71 = 79 = O and Ry = 5.7336 > 1.

5.2. Caser >0and 5 =0

According to Theorem 4.2, the endemic equilibrium P* is locally asymptotically stable if
Ry > 1,7 > 0and 7 = 0. Figure 5.2 demonstrates this result.

1 : : : : 7

10.9
6.5
10.8
(/)] —
107 1 6l
106
: : : ‘ 55 : : :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

Fig. 5.2. Dynamics of system (1.3) when 7, = 1.7678, 7o = 0 and Ry = 5.7336 > 1.

Copyright © 2025 ASSA. Adv Syst Sci Appl (2025)



80 A. BERNOUSSL K. HATTAF, B. EL BOUKARI

53. Casei =1 =17

From Theorem 4.3, the following figures show that if the delay is below 75 = 1.7678, the
endemic equilibrium P~ is locally asymptotically stable (see, Figure 5.3a). When the value
of the delay 7 increases we lose the stability of the endemic equilibrium (see, Figure 5.3b)
and P* becomes unstable for 7 > 79 = 1.7678 (see, Figure 5.3c), and vice versa when the
delay is decreasing the model converges rapidly to P*.

10.7 ¢

[72)
10.65

10.6 ' ' ' ' ' ' -
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t
(a) Dynamics of system (1.3) when 7 = 79 = 1.4178 and Ry = 5.7336 > 1.
10.8
10.75
- 10.7 ¢
10.65
10.6
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t
(b) For 1 = 5 = 1.7678, Hopf bifurcation occurs
and periodic solutions appear for model (1.3) with Ry = 5.7336 > 1.
18
16 -
” 14 -
12 -
10 ' ' ; ' ' ' ;
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(¢) For 7 = 19 = 2.1178, all solutions (S, I) of model (1.3) are unstable with Ry = 5.7336 > 1.

Fig.53.Case 11 =19 =17
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54. Case . =0and 5, > 0

As in Theorem 4.4, the following figures show that if the delay is below 75 = 0.8357, the
endemic equilibrium P~ is locally asymptotically stable (see, Figure 5.4a). When the value
of the delay 7, increases we lose the stability of the endemic equilibrium (see, Figure 5.4b)
and P* becomes unstable for 75 > 79 = 0.8357 (see, Figure 5.4c), and vice versa when the
delay is decreasing the model converges rapidly to P*.

6
10.7
5.8
(7] -3

10.65 56
5.4

10.6 : : : 5.2 : : :

0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(a) Dynamics of system (1.3) when 71 = 0, 7o = 0.7857 and Ry = 5.7336 > 1.

10.75 &
10.7
” ~55
10.65
106 ‘ : 5 ‘ ‘ ‘ ‘
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(b) For 1 = 0 and 79 = 0.8357, Hopf bifurcation occurs
and periodic solutions appear for model (1.3) with Ry = 5.7336 > 1.

10
= )
10 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(c) For 7y = 0 and 75 = 0.8651, all solutions (S, I) of model (1.3) are unstable with Ry = 5.7336 > 1.

Fig.5.4.Case 7y = 0and 75 > 0
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5.5. Case 71 > 0and 75, > 0

Based on Theorem 4.5, the following figures show that if the delay 75 is below 75, = 0.9249

with 7 fixed by taking 7 = 3.6688, the endemic equilibrium P* is locally asymptotically
stable (see, Figure 5.5a). When the value of the delay 7 increases we lose the stability of the
endemic equilibrium (see, Figure 5.5b) and P* becomes unstable for 7, > 75, = 0.9249 (see

,Figure 5.5¢), and vice versa when the delay is decreasing the model converges rapidly to P*.

10.7 ' i T 6.5
10.65
6
»n 10.6 ] -
10.55 5.5
10.5 ‘ ‘ ‘ 5 ‘ ‘ ‘
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t
(a) Dynamics of system (1.3) when 7, = 3.6688, 75 = 0.8228 and Ry = 5.7336 > 1.
10.8 6.5
10.7 - 6
m —
10.6 5.5
10.5 ; ; ‘ ; 5 ) i )
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(b) For 71 = 3.6688 and 1o = 0.9249, Hopf bifurcation occurs and periodic solutions appear for model (1.3)
with Rp = 5.7336 > 1.

14

0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

(¢) For 7y = 3.6688 and 79 = 0.9976, all solutions (S, I) of model (1.3) are unstable
with Ry = 5.7336 > 1.

Fig. 5.5.Case 1y > O0and 72 > 0

6. CONCLUDING REMARKS

In this work, we have proposed and analyzed a delayed SIR model with generalized incidence
and treatment functions. Our analysis proved that the two delays 7; and 7o have a very big
influence on the stability of the equilibrium points. In fact,

e When Ry < 1, we have:

- If /; > 79, then the disease-free equilibrium is globally asymptotically stable for all
R., this shows that the disease disappears. This biologically mean that when the
latent period is greater than the healing period and the basic reproduction number is
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less than or equal to one, the infected individuals cured before becoming infectious
and the disease will disappear.

- If R. <1, then the disease-free equilibrium is globally asymptotically stable
independently of delays.

- If R. > 1 and 7 is held fixed, then there exists a positive constant 75, , such that
when 7, € [0, 7'2*270), the disease-free equilibrium is locally asymptotically stable.
When 7, = 735, a Hopf bifurcation occurs and when 7, > 73, ; the disease-free
equilibrium is unstable.

* When R, > 1, the disease-free equilibrium is unstable and the proposed model admits
an endemic equilibrium P*. In this case, we have:

- If 5, = 0and 7y > 0, then the endemic equilibrium P* is locally asymptotically stable.

- If 5 >0, then there exists a positive constant 7 such that when 7, € [0,7),
the endemic equilibrium is locally asymptotically stable. When 7, = 7 a Hopf
bifurcation occurs and the host populations and the disease coexists within an
oscillatory mode, and when 7, > 7 the endemic equilibrium is unstable and the
disease persists.

From the aforementioned, we conclude that the longer the recovery period is for the
infected individuals, the higher the spreading risk becomes and vice versa.
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