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Abstract: In this paper, we consider control systems with implicit dynamics and antiperiodic
boundary constraints ont the fixed time interval. We derive sufficient conditions for the existence
of admissible control for the systems of this type and obtain estimates of the admissible controls.
These results remain considerable in the partial case when the considered dynamics is explicit.
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1. INTRODUCTION

Before proceeding to the formulation of the problem, we introduce the notation used.

Let R™ stand for the n-dimensional real aritheoremetic space with the norm | - | and the
inner product (-, -). For 7 > 0, for an absolutely continuous function z : [0, 7] — R™ and for a
point ¢ € [0, 7] at which z is differentiable, we denote by i(t) the derivative of the function x
at the point ¢. Denote by i the Lebesgue integrable function ¢ — (t), t € [0, 7]. Everywhere
below L [0, 7] stands for the set of all Lebesgue measurable essentially bounded functions
v:[0,7] = R" and ACZ [0, 7] stands for the set of all absolutely continuous functions

z : [0, 7] — R such that & € L" [0, 7]. Here and below ¥ stands for “for almost all”.

Let a mapping f : R x R” x R® x R™ — R¥ and a nonempty set U C R™ be given. For
every 7 > 0 consider the control system

flt,z,@,u(t) =0, ult)eU VYtelo,r], (1.1)
2(0) + z(7) = 0. (1.2)

We will say that a pair of functions (z,u) € ACZ[0,7] x L]0, 7] is an admissible
process to the problem (1.1), (1.2), if u(t) € U for almost all ¢ € [0, 7], the functions z(-)
is a solution to the differential equation f(¢,x,4,u(t)) = 0 on the segment [0, 7] and the
equality Z(0) + Z(7) = 0 takes place. If a pair of functions (Z,u) € ACZ [0, 7] x L™0, 7]
is an admissible process to the problem (1.1), (1.2), then we say that the function Z is an
admissible trajectory and the function « is an admissible control.

The main goal of our paper is to derive sufficient conditions for the existence of an
admissible process to the problem (1.1), (1.2). The proof of the main result is based on
the following idea. We pass from the control problem with implicit dynamics to the control
problem with explicit dynamics using a nonlocal implicit function theorem; for a function
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u we consider a mapping ¢ that corresponds to the initial point x, the endpoint (zy)
of a trajectory starting at xy; than we use an analog of Brouwer’s fixed point theorem to
show the existence of z( such that xg = —p(x(); and prove that the corresponding trajectory
is admissible. The idea of reduction of implicit ODEs (ordinary differential equations) to
explicit using implicit function theorems is well known. The usage of nonlocal implicit
function theorems to control systems and ODEs was studied in [1,3]. The usage of Brower’s
fixed point theorem and similar results for studying boundary value problems is a standard
tool (see, for example, [4]). In this paper, we have combined and modified these known
approaches and applied the for studying the problem (1.1), (1.2).

2. MAIN RESULTS

Denote by B™(r) the closed ball in R™ centered at zero with the radius » > 0. For an arbitrary
linear operator A : R® — R*_ denote

covA := max{a > 0: B"(a) c AB"(1)}.

It is a straightforward task to ensure that covA > 0 if and only if A is surjective. As is
known (see, for example, [2]), that the function cov is continuous.

Theorem 2.1:
Let

(i) the mapping f be twice continuously differentiable;
(i) a:= inf{covf{)(t,x,v,u) (t,x,v,u) € R x R® x R™ x U} > 0.

Given numbers R > 0, a € (0, &), 7 > 0 and functions u € L7 [0, 7] and

o(t) == ta,0,a(t ‘ teo,7], 23
o(t) = max |f(t.2.0.0(1)]. €07 23)
assume that .

3

— v(s)ds < R. 2.4

o w(s)ds < R (2.4)

0

Then there exists a function & € AC [0, 7| such that the pair (Z,u) is an admissible process
to the problem (1.1), (1.2) and

FO| <R Vte[o,7] and \x(0)|§%/w(s)ds.

Note that the function w in Theorem 2.1 is Lebesgue integrable. Indeed, since f is
continuous, then the function

(t,u) — max

) ta S 07 x U
{L’EB"(R)‘ ( U) [ T}

ft,z,0,u)

is continuous. Moreover, the function u is Lebesgue measurable and essentially bounded.
Therefore, the function w, defined by formula (2.3), is measurable and essentially bounded,
hence w is integrable.

Note that the assumptions (i) and (ii) of Theorem 2.1 imply that there exist numbers
R>0,a € (0,a), 7 > 0and afunction u € L7 [0, 7] such that the inequality (2.4) holds for
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the function w defined by formula (2.3). Indeed, take arbitrary numbers R > 0, «
and an arbitrary function u € L7 ([0, +00)) such that u(t) € U for almost all ¢ t >
the function

€ (0,a)
0. Since

T max |f(s,x, 0,6(3))‘ ds, 7>0
mEB"(R)

is continuous and vanishes zero at the point 7 = 0, then there exists 7 > 0 such that

T

3 ~
% merggicm‘f(s, T, O,U(S))’ ds < R.
0

Hence, (2.4) holds for the point 7, for the reduction u € L[0, 7] of u to the segment [0, 7|
and for the function w defined by formula (2.3).

The regularity assumption (ii) is essential. Consider the corresponding example. Let
n=m=k=1, f(t,z,7,u) =u(lu— 1)z +z —t*, U={0,1}, 7 > 0. Then & =0 and
therefore the assumption (ii) fails. Moreover, for every measurable essentially bounded
function u : [0, 7] — U, the only solution to the ODE f(¢,x,4,u(t)) = 0 is the function
x(t) = t2. For this function z, we have x(0) + x(7) > 0. Therefore, in this example, there
exists no admissible process.

Now let us derive the sufficient conditions for the existence of an admissible control. The
following assertion follows directly from Theorem 2.1.

Corollary 2.1:
Let the assumptions (i) and (ii) of Theorem 2.1 hold, the set U be closed. Given numbers
R>0,a € (0,a), 7 > 0and a function

wy(t) == min max ‘f(t,a:,(),u) , telo,T]

weU zeBm(R)

assume that

Then there exist functions T € ACZ[0,7] and u € L [0, 7| such that the pair (T,u) is an
admissible process to the problem (1.1), (1.2) and

T

ZO| <R Viel0,7] and |(0 )|§%/w(](s)ds.

Note that both Theorem 2.1 and Corollary 2.1 remain considerable in the partial case
when the dynamics in (1.1) is explicit, i.e. for the problem

i = f(t,z,u(t), ult)eU Ytelo,7], z(0)+z(r)=0. (2.5)

In this case the following assertion is valid. Let fbe twice continuously differentiable and
U be closed. Given numbers R > 0 and 7 > 0 and a function

1) = ‘ (t ( te[0,7],
wy(t) = Iunellljlxenégx f(t,z,u) € [0,7]
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assume that
.

g/wy(s) ds < R.

0
Then there exist functions & € ACZ[0,7] and u € L [0, 7| such that the pair (T,u) is an
admissible process to the problem (2.5) and

Zt)| <R Vtelo,r], |7(0)] < R/3.

3. PROOF OF THE MAIN RESULT

In the proof of Theorem 2.1, along with classical theorems on the properties of solutions to
ODEs and fixed point theorems, we will use the global implicit function theorem from [2].
Let us recall it.

Theorem 3.1:
(see [2, Theorem 5]) Given a positive integer s, an open nonempty set > C R® and a twice
continuously differentiable mapping F : R" x ¥ — R*, assume that

ag := inf{covF/(v,0) >0: vE€R", oceX}>0.
Then there exists a continuously differentiable mapping G : ¥ x RF — R" such that

’y - F(0,0’)|
Qg

F(G(y,0),0) =y, [G(y,0)| < VyeR, VoeX. (3.6

In what follows, we use the following corollary of this theorem.

Corollary 3.1:
Let f satisfy the assumptions (i) and (ii) of Theorem 2.1. Then for any positive o < & there
exists a continuously differentiable mapping g : R x R™ x U — R" such that

|f(t’ x7 07 u)|

(0%

ft,z, gtz u),u) =0, |g(t,z,u)| < V(t,r,u) € R' x R" x U. (3.7)

Proof
Take an arbitrary o < a. Since (i) and (ii) holds, f is sufficiently smooth and the function cov
is continuous, then there exists an open neighbourhood Uy C R™ of U such that

a < inf{covf;(t,x,v,u) : (t,x,v,u) € R x R™ x R™ x Ug}. (3.8)
Put ¥ := R! x R™ x Uy. Define the mapping F' : R" x ¥ — R* by formula
F(v,0):= f(t,z,v,u) o:=(t,x,u) €Y, veR"
It is a straightforward task to ensure that F' is twice continuously differentiable and
Fl(v,0) = fl(t,z,v,u). (3.9)
Thus,
ap = inf{covF.(v,0) >0: veR", oeX} (29

(3.10)

(3:8)
(39) inf{cov f,(t,z,v,u) : (t,z,0,u) € R' xR* x R" x Up} > a > 0.
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Therefore, the mapping F’ satisfies the assumptions of Corollary 3.1. Hence, there exists a
continuously differentiable mapping G : R¥ x ¥ — R™ such that (3.6) holds.
Put
g(t,z,u) ;== G(0,0), o= (t,z,u) eER' xR"xU C X.

The mapping g is well-defined, since U C U,.
Let us show that g is the desired mapping. Obviously g is continuously differentiable,
since (G is. Moreover, we have

f(t, 2, g(t,2,u),u) = F(G(0,0),0) 20,

3:6) |F'(0,0)] 310) |F(0,0 f(t,z,0,u
gt z.0) = [G(0,0)) =) EO] €2 [FO,0)] _ 1 )

o o o
forany o = (t,z,u) € R! x R™ x U. O

Proof of Theorem 2.1

Take arbitrary numbers R > 0, o € (0,&), 7 > 0, a function u € L7 [0, 7] and the function

w defined by the equality (2.3) such that (2.4) holds. It follows from Corollary 3.1 that there

exists a continuously differentiable mapping g : R' x R™ x U — R" such that (3.7) holds.
Put

ri= o w(s) ds
0
Then (2.4) implies
1 1
0<r<R, —[w(s)ds<R—r and —2r+— [ w(s)ds<D0. (3.11)
o o
0 0
For arbitrary oy € B"(r), consider the Cauchy problem
©=g(t,z,u(t), tel0,7], x(0)= . (3.12)
Since
T ] T ] .7)
U < U <
[ maxlotsinale)lds < [ max lg(s.za(s)]ds <
0 0
87 1 f ol [ (3.11)
< a/xglgzj:&)]f(s,x,O,H(s))|ds (22) a/u_)(s)ds < R-—r,
0 0

it follows from [6, Theorem II.4.1] that there exists a solution ¢(-, xg) : [0,7] — B"(r) to
the problem (3.12). It follows from [6, Theorem I1.4.5] that this solution is unique. It follows
from [6, Theorem I1.4.11] that the mapping (7, ) : B"(r) — B™(R) is continuous.

Define the mapping ¢ : B"(r) — R" by formula

Y(xo) := —p(T,20), w9 € B"(1).

This mapping is continuous, since (7, -) is continuous. Moreover, the following relation
takes place
(W(xg) — 0, 20) <0 Vag: |zl =1 (3.13)
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Indeed,

T

lao) = —p(ryan) = —a0 — [ g(s. p(s,mu), u(s)) ds (.14)
0
and, hence, for |z(| = r we obtain

(Y(z0) — w0, 20) (LY —2|wo)? — </g s, 0(s,20), (s))ds,yc0> <

T T 37)
< =2zl + Ixol/Ig(svs@(saxo)v(),U(S))ldS = —2T2+r/|g(s,so(s,xo), u(s))|ds <

f (3.11)

(3.7) , T f - (2.3) 9 T _
< —=2r +—/|f(s,g0(s,xo),0,u(s))|ds < —2r +—/w(s)ds < 0.
a o'
0 0

So, it follows from (3.13) that the mapping ¢ has a fixed point 7o € B"(r), i.e. Ty =
(o) (see, for example, [5, §1.6]).

Put Z(t) := ¢(t, Zo), t € [0,7]. Let us show that the function Z is a desired admissible
trajectory. We have

F(t2(1), 5(8), 5(t) = F(t,2(8), 5 (¢, 70),5(t) = (£, 3(0), g(t, 2, (1)), a(t) E 0
for almost all ¢ € [0, 7]. Moreover,
7(0) +Z(7) = ¢(0,%0) + o(7, To) = To — ¥ (Zo) = 0.
Thus, (Z, ) is an admissible process. Finally,
[Z(t)] = lp(t, 7o) < R Vi €0,7];

1Z(0)] = [p(0, Zo)| = [Zo| < 1.
Therefore, the function 7 is a desired admissible trajectory. 0
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