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Abstract: In this work, an efficient numerical method is proposed to obtain the approximate
solution of the general Rosenau regularised long wave equation. The present method based on
Butcher’s fifth-order Runge-Kutta scheme, which consider a septic B-spline as the basis function,
respectively. In this method, the approximate solutions are measured by neither transformation
nor any kind of linearization technique to tackle the non linearity. Butcher’s fifth-order Runge-
Kutta approach without using a finite difference scheme at each time level is implemented for the
numerical treatment of a system of first-order differential equations. The linear stability for the
linearized septic B-spline scheme is investigated. The error norms are calculated on problem to
enhance efficiency and accuracy of the present method and also compared to the existing results.

Keywords: BFRK approach, general Rosenau-RLW equation, linearization, septic B-spline
scheme, stability

1. INTRODUCTION

In the present situation, when the analytical result of the nonlinear partial differential equation
fails to exist, several numerical techniques are applied to obtain an approximate solution.
Consider the general Rosenau-regularized long wave (GR-RLW) equation of the form

Ut — Uggt T Uggzat = _(uw +w (Uq)z> (1.1)

with the initial condition
u(z,0) =ug(x), y<zr<a (1.2)

and the boundary conditions
u(y,t) = u(a, t) = ug(y,t) = up(a, t) = Ugz (7, t) = Uge(a, 1) =0, 0 <t <T (1.3)

where ¢ < 2 is an integer and ug(x) is known as smooth function. Such types of equations
frequently arise in various branches of applied sciences and physics. When g=2, (1.1)
is referred to as the Rosenau—RLW equation. Numerous numerical techniques have been
developed for solving (1.1). In particular, several finite difference schemes have been
proposed in the literature [6, 12, 14, 15, 51-54, 58-60, 63, 65]. Chen et al. [7] developed a
semi-explicit linearized Crank—Nicolson finite difference method for obtaining numerical
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solutions of (1.1). Wongsaijai and Poochinapan [61] and Janwised et al. [16] proposed three-
level average implicit finite difference schemes to compute approximate solutions of the
Rosenau—RLW and GR-RLW equations.In addition to finite difference techniques, several
alternative numerical approaches have been developed. Atouani and Omrani [4] introduced
a Galerkin finite element method, while Yagmurlu et al. [64] proposed a Galerkin cubic B-
spline finite element approach. Foroutan and Ebadian [8] investigated a modified Chebyshev
rational approximation technique, whereas Park [55] applied pointwise decay estimates.
Mittal and Jain [45] considered a quintic B-spline collocation method combined with a finite
element scheme. Moreover, Cai et al. [S] proposed a high-order structure-preserving scheme,
and Wongsaijai et al. [62] developed a compact structure-preserving approach for obtaining
approximate solutions of (1.1).

The primary objective of the present work is to obtain a more accurate approximate
solution of the GR-RLW equation using the second method and to compare its performance
with the first method as well as with existing results in the literature. In the proposed
approach, the BFRK method is employed to solve the resulting system of first-order
ordinary differential equations without using a finite difference scheme for the time-
dependent variables at each time level. Additionally, several numerical techniques such as
numerical quadrature schemes [17-19, 26-33, 35, 36, 39, 40, 43, 44, 49, 50, 66-80], block
methods [10,11,20,25,34,46-48], B-spline collocation techniques [13,21-24,37,38,56,57],
spline methods [1,9,42], and finite difference methods [2, 3,41] are closely related to the
development of the present scheme.

The remainder of the paper is organized as follows. Section 2 presents some basic
characteristics of the proposed methods. Section 3 describes the septic B-spline scheme.
Section 4 discusses the linear stability analysis . Numerical examples and discussions are
provided in Section 5. Graphical and tabular results are presented in Section 6. Finally, the
conclusions are given in the last section 7.

2. SOME CHARACTERISTICS

The usual Sobolev space of real-valued functions Z°(¥) on ¥ = [y, a] with non negative
integer (3 is illustrated in [16, 60].

Z8 (W) = {u(z) € Z°(W) % =0,d=0(1)8 -1}, 2.1)

Z0) = {u(z) - [D(u(i))zdx < to0,i = 0(1)8}.

where u(? is the i-th order derivative.

The results of M; (mass) and E; (energy ) for (1.1) - (1.3), are used to measure the
conservative properties of the proposed scheme.

Lemma: (See Ref. [53]) Let ug(x) € ZZ[7, o, then the solution of (1.1) satisfies the mass
conservative property

My(t) = /7 "o, Dz — L " (e, 0)dz — /7 "o, 0)dz = My (0) 22)
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Theorem: Let ug(r) € ZZ[y,a], then the solution of (1.1) satisfies the energy
conservative property

E;(t) = /a (u2(m,t) +ud(x,t) 4+ ud (z, t)) dr = /a [uQ(x, 0) + u(z,0) + u? (z, O)] dx

= E;(0)
(2.3)
For any t € [0, 7.
Proof: Rearranging (1.1) as
Ut — Uggt + Uggzat = —Ug — qwuq_lua: (24)

Multiplying (2.4) by 2u and integrating on the interval [, a, we obtain

d « « e « «

— ulde — 2/ U g dT + 2/ Ul gy dl = —2/ U dr — 2/ qwuluzdr (2.5)
dt J, g gl gl gl

Applying the integration by parts and using the boundary conditions from (1.3), we obtain

[0}

o —d ol o d
/ Uy ddT = — uidm, / Uyt dT = —— uixdx
. 2dt J, . 2dt J,

@ 2(a,t) — u?(y,t @ (o ) — utt (~ ¢
/ wuydr = (v(a,t) = u(7,1)) — 0, / qonu,de = qw(uT™(a, t) — ut™(~,1)) _0
2! 2 v q+1

Applying the integrated results in (2.5), we obtain

d (03
dt /.

E;(t) = /a (u(z,t) + ul(z, t) + ul (2, 1)) do =

(u* +u +u2))dr =0,

/ a [W?(2,0) + u(z,0) + u2,(z,0)] dz = Er(0)

As E;(t) depends on the initial data for any ¢ € [0, 7] is coined as a constant function.
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3. SEPTIC B-SPLINE SCHEME

Let us identify a partition of the space interval [y, ] into N equal space points z; such that
vy=mx9 <1 < ..<xy =« with the step length h = (O‘ ) — Tps1 — T, . The septic B-
splines ¢,,(z), n = —3(1)N + 3 at the knots z,, are given as follows :

Pn(x) = (3.1)
(v — 137174)77 € [Tn—4,7n 3)
(z — xn—4)7 - (i) (z — xn—3)7v € [Tn-3,Tn 2)
(— 2p_g) — (é) (x — 2p3)" + (2) (x — 1p9)", € [Tn_2,Tp_1)

1 (z — xn—4)7 - (§) (z — In—3)7 + (g) (z — xn—2)7 - (g) (z — In—1)77 € [Tn1,2n)

ﬁ 9 (xn+4 - 1’)7 - (é) ($n+3 - -1')7 + (g) ($n+2 - $)7 o (3) (anrl - x)7> [ZB $n+1>
('Tn+4 1’)7 - (é) (:En+3 - ZL’)7 + (2) (l‘n+2 ZL’)7, LS [xn+17 xn-&-?)
(Tnya — ZU)7 - (1) (Tnys — x)7v T € [Tpi2, Tnis)
(xn+4 - $)7, LS [xn+37 xn+4)

0, otherwise

(3.2)

Here ¢_3,¢_o,...,on13 is set of septic B-splines, which form a basis on the spatial
domain [y, «
The approximate solution U (x, t) to the analytic solution u(x,t) of (1.1) is given as :

N+3

)= p(t)ei(x) (3.3)

i=—3

where, 11;(t) , ¢;(x) are the unknown time dependent parameters to be determined at each
time level and known septic B-splines as per justification of (3.3) and (3.1), respectively. The
nodal values of U; and its higher order derivatives at the mesh points z; with help of (3.1) and
(3.3) are reported in (3.4).

Uy = fin_3 + 120402 4+ 1191 1,1 + 24161, + 1191ty 1 + 12010049 + flnss)
hU,, = T(—pin—3 — 56— — 24551 + Optyy + 24541541 + 56tn12 + fini3)
h2U! = 42(ptn—3 + 244102 + 158, 1 — 80ty + 15411 + 2412 + fnys)
R*U;) = 210(—ptn—3 — 8ftn—2 + 19ptn_1 + Oty — 194011 + 8Busa + Buss) (3.4)
h4U W) = 840(,“n 3+ Optn—o — 98,1 + 16410 — Iptny1 + Optny2 + :un+3)
hOUY) = 2520(—py—3 + 4pin—2 — Bjtn—1 + Ofin + Bftns1 — Aftnss + finss)
RPUY) = 5040(Bp_3 — 6ptn—2 + 15ptn_1 — 20tn + 15ptns1 — Optnso + finis) )

3.1. Implementation of septic B-spline Scheme with BFRK scheme (SBSBFRKS)

The SBSBFRKS is implemented to obtain a better approximate solution of the governing
(1.1). Employing (3.3) in (1.1) to obtain the approximate solution of the form as follows:

N+3

Z‘ (6n(x) = G (x) + D1 () (1) =
o N+3 =1\ Ny3 (3.5)
— | 1+wq <Z :un<t>¢n($>> Z Mn<t>¢, (5(7>
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We apply (3.1) as well as (3.4) and its time derivatives in (3.8) to generate (3.6) which contains
the first order differential equations as:

21/%73 + 2afty,_o + Z3fty,_y + Zafty, + Z5/~L;z+1 + Z6:u;z+2 + Z7/L;l+3 =&, 0=n=N (3.6)

where, z; = (320 — 22 1 1) 5, = (120 — 108) 2y = (1191 — T30 _ 630y

h2 h2 2
2= (B0 4+ 130 4 2416), 25 = (1191 — D — 80y 25 = (120 — 1%°),
— (840 42
=G —+1)
€n =

-7 -
- [1+ wq(ptn—s + 120pn_o + 1191 p1,, 1 + 24161, + 1191141 + 1200040 + fings)” 1} X

( — HUn-3 — 56,“71—2 - 245,“71—1 + O,Un + 245,“71—}—1 + 56,un+2 + Mn+3)

A matrix representation of (3.7) or (3.8) is constructed with the elimination of the parameters

g gy g f s Wy os Mg @0 i3, fhoo, fio1, fiNg 1, N2, fiv 43 from (3.6) to obtain
a unique solution by using the six constraints from the boundary conditions of (1.3).

Dy (t) = G(u(t)) (3.7)

Or
w'(t) = Q(u(t)) (3.8)

where, D is a square matrix of order (N + 1) and
Qu(t)) = DTG(u(t)) -

The highlight of this paper is to solve (3.8) with BFRK, without finite difference method at
each time level ( see Hossain et al. [13] ).

K, = kG(7") )
_ 1 -

_ 1 - _

Ky = kG(p" + 2 (K1 + Ky))

] 1 3.9

— 3 - _
_ 1 — _ _ — _

7

1 _ _ _ _ _ _
prtt =t + o5 TR + 0K, + 32K + 12K, + 32K + TRy (3.10)

where, k is time step and

= (gt

The vector " is applied for the time evaluation of U(z,¢) on SBSBFRKS. It is obtained
by repeated application of the recurrence relations (3.9) and (3.10), after finding the initial

Copyright © 2026 ASSA. Adv Syst Sci Appl (2026)



6 J. BHYAN, S.R. JENA, B.P. PADHY, D. BEHERA, T.M. BEHERA, ET AL.

vector i’ from (1.2) and it’s derivatives at boundary values as in (3.11).

Ug(7,0) =0 )

Uze(7,0) =0

Uszz(7,0) =0

U(z,0) =ug(x,), 0<n<N (3.11)
Ug(a,0) =0

Upz(,0) =0

Uraz(@,0) =0 )

A matrix representation (3.12) is constructed by eliminating fp_s3,p_9, -1 and
UN+1, AN+2, UN+3 from (3.11).

AR’ = B (3.12)
M§ o (o)
M1 uo(z1)
where, [i° = : , B= :
M(J)V—l uo(TN-1)

ay Gz az Q4
by ba b3 by by
€1 €9 €3 €4 €5 €6
1 120 1191 2416 1191 120 1
1 120 1191 2416 1191 120 1

120 1191 2416 1191 120 1
1 120 1191 2416 1191 120 1
€g €x €4 €3 €y €1
bs by b3 by by
aqg Gz G2

—_

a; = 15636, ay = 2712, ag = 768, ay = 24, by = 2070 by = 2008 pg = 134

__ 6709 _ __ 3200 __ 10733 __ 21752 __ 32158 _ _
b4_ 547b5_1761—277 2— "9 » 83— Tg9 » ¥4 — 27765_120766_1

Finally, the initial vector ji" is obtained from (3.12).

4. THE LINEAR STABILITY ANALYSIS

The nonlinear term u? 'u, is linearized by substituting 4¢~! = 6 in (1.1) to implement Von-
Neumann stability analysis.

U — Uggt T Upzgat = _(ux + wqeuz) (4‘1)

(4.2) is obtained using (3.4) as well as it’s time derivative and further simplification with the
_ oy et oy
2 k

help of Crank-Nicolson and forward difference schemes for i, sty
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in (4.1), respectively.

(e1 + ca)hny + (cs + o)™y + (c5 + co)ny + e ™ + (c5 — co) sy
+(es — eunty + (a1 — )ty = (er — ea)ppg + (e3 = ea) (4.2)

+(c5 — c6)ptn 1 py + (c5 + C6)M;n+1 + (e + C4)Nnm+2 + (c1 + CQ)Mnm+3

where, k is a time step

840 42
CcC1 = ﬁ — ﬁ -+ 1,
Tk TwqkO
Co=—— —
T 2h 2n
1008
C3 — 120 — 7,
196wqk 196k
C4 = — - 3
h h
630 7560
G5 = =3 — -+ 1101,
B 1715wqkf 1715k
= 2h oh
3360 13440
Cr = 32 + i + 2416.

Applying the Fourier mode p™ = H™e™™"" i = \/—1, where, w is a mode number and
h is the element size, in (4.2) and implementation of Euler’s formula
(e = cos(wh) + isin(wh)) and further simplifying the growth factor H becomes

B +iC
H = 4.3
B —iC *+3)
where, B = ¢; + 2bscos(wh) + 2¢icos(3wh) + 2c3cos(2wh)
C' = —2c¢gsin(wh) — 2¢asin(3wh) — 2¢4sin(2wh)
B*+C?
2_ —1 4.4
HP= o @

Then modulus of |H|= 1, this indicates that the linearized septic B-spline collocation
approach is unconditionally stable.

5. NUMERICAL EXAMPLES AND DISCUSSIONS

One test problem is considered to validate the efficiency and accuracy of the present work. In
this section for the sake of comparison of the present work with others, the proposed schemes
are applied for selected values of ¢ = 2, 4. The exactness of the methods are incorporated by
computing the error norms L., and L5 as follows:

Lo = max |u, — U,|
0<n<N
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N

Ly= |7 |(u, — Uy)?|

n=0

where u,, and U, represents exact and numerical solutions, respectively.
The numerical solution of the two conservative laws related to conservation of mass and
energy for the GR-RLW equations are given in [62], follows:

N-1

b
M; :/ u(x, t)dr = hZU;”

n=1

N-1

E = / (WP (x,t) + ul(z,t) + uly(z,))de = b Y (U + (U] + (U aa)®)

Example 1. Let us consider the following generalized Rosenau-RLW equation with w = 1
as

—1
Up — Uggt + Uggaat T Uz + quq Uy = 0

subject to the initial condition u(x,0) = Dsechﬁ(Ax), x € [7,0q]
and boundary conditions

u(y,t) = ula, t) = uz (v, t) = up(, t) = Uge (7, t) = Uge(a, t) =0, ¢t € [0,T]
The analytical solution of this problem is

u(z,0) = Dsechﬁ(A(:C — Bt))

_ q—1 _ ¢*+4¢3+14¢%+209+25
where, A = 4¢2+8q+20 b= (¢*+4¢3+10¢2+12¢+21)’
(¢+3)(3¢+1)(g+1) -£)

= —_— = q—1
E ln(2(q2+3)(q2+4q+7))’ D=e

Case 1. In this case, the computed results for the error norms L, and L., at k = h =
0.1,q = 2,z € [—30, 120] with different time values ¢ < 10 using SBSBFRKS and the solid
comparison to others [45,53] are reported in Table 6.1. In similar manner the results using the
present approaches and comparison with others [45, 53] for the two error norms at different
values of h and with the same measures for the above parameters k, g, x for t = 10 are
reported in Table 6.2 . It is found that the SBSBFRKS is a better approach as compared
to others in literature. We can also profile the numerical and exact solutions at selected time
values t = 4,6,8,10 and p = 2, h = k = 0.4,z € [—30, 120] in Fig. 6.1. Fig. 6.1 illustrates
the solitary waves are moved to the right with almost unchanged amplitude as the time
simulation increases.

Case II. The results of error norms L, and L., for different values of A with k =
0.1,g = 4,2 € [-30,120] and ¢t = 60 using the present method is reported in Table 6.3. It
is investigated that the SBSBFRKS is much better than the results of [45].The conservative
values M; and F; and L, and L, for different time levels ¢ < 60 with h =k =0.1,q =
2,z € [—30,120] are computed by the present methods and compared with [45] are reported
in Table 6.4. It is clearly viewed that the approximate solution using SBSBFRKS of the two
invariants are closed to their exact solution M; = 1.897658228777, Er = 0.533177532044
and the error norms Ls and L, are improved much better than [45]..

Case III. In this numerical simulation, the error norms L, and L, for different values of
k = hwitht = 24,q = 4,z € [—50, 150] are obtained using proposed method and compared
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with others [52,59, 62, 63] are repored in Table 7.5. From Table 7.5,we have observed that
the results obtained using SBSBFRKS is better other existing methods in literature. The
numerical solutions of the two invariants M; and E; are examined by present schemes
and compared with [62] at different values of time ¢ for h = k = 0.4,z € [—50, 150] are
displayed in Table 6.6. The remarkebile points are numerical solutions of M; and E;
with help of SBSBFRKS are close to the analytical solutions of M; = 6.2658061620 and
E; = 2.8676945570 to other existing schemes in literature.

6. FIGURES AND TABLES
This section provides figures and tables.

6.1. Figures

Exact ,
*  Numerical

©  Numerical

> Numerical

4 Numerical

=30 =20 40 50 60 70 80 920 100 110 120

Fig. 6.1. Numerical and exact solutions at the selected time values ¢t = 4,6, 8, 10
of Example 1(Case I) withh =k = 0.4,p = 2,z € [-30, 120]
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6.2. Tables
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Table 6.1. The results of error norms for Example 1 (Case 1) at different value ¢ and comparison with others

Methods SBSBFRKS [45] [53]

Lo

L,

Lo

L,

Lo

—
o PN P+

2.4285¢ 7
3.1281e~ 7
3.3624e~"
3.4304e~7
3.4306e~7

2.7684¢~"
3.9337¢~"
5.1873¢~7
6.5073e~"
7.7492¢76

2.8908¢°
5.1694¢~6
6.4804e°
7.1646e6
7.6292¢~6

5.8217¢©
1.0632¢7°
1.4223¢7°
1.6523¢7°
1.8123¢7°

1.7282¢7°
3.3671e™>
4.8067e
1.0355¢4
4.1701e~4

Table 6.2. The comparison of L, and Ly for Example 1 (Case I) at different value of h with others

Methods SBSBFRKS [45] [53]
I Lo L,y Lo L,y Lo L,y
0.5 3.7107e™ 7 1.3374e % 1.9117¢™" 4.5438¢~*
0.25 4.3678¢~7 1.1462¢7%  4.7606e7> 1.1308¢™* 1.9743¢~*
0.125 4.6190e~" 1.2114e7% 1.1908¢7® 2.8287¢~® 5.0101e™®
0.0625  4.7041e™" 1.2353¢7¢ 2.9950e % 7.1601e™5 1.2489¢°

Table 6.3. Comparison of error norms for Example 1 (Case II) at ¢ = 60 with [45]

Methods SBSBFRKS [45]

R L L L L

1 1.2337¢=* 3.1100e=* 1.154le —2 3.0217¢*
0.5 2.2417¢7® 1.1658¢* 2.2164e3  5.5853¢~*
0.25 2.8796e % 1.6559¢ %  5.1848¢*  1.3010e~*
0.125  3.1282e™® 1.9000e=* 1.2789¢~*  3.507le~*
0.0625  3.2092¢% 7.9856e°  3.1864e°  1.8243¢ %

Table 6.4. Comparative study of the error norms and invariants for Example 1 (Case II) at ¢ < 60 with other

Methods SBSBFRS [45]

t LOO€7 L267 Af] E] Loc65 L265 M[ E]

10 3.341 7.749 1.8976590 0.533177532 0.7629 1.813 1.89765990 0.53317753
20 3.340 11.91 1.8976612 0.533177532 0.9095 2.251 1.89766149 0.53317753
30 3.417 14.63 1.8976626 0.533177532 1.027 2.546 1.89766306 0.53317753
40 3.444 16.73 1.8976638 0.533177532 1.138 2.814 1.89766459 0.53317753
50 3.470 18.47 1.8976651 0.533177532 1.245 3.075 1.89766608 0.53317753
60 3.485 19.97 1.8976663 0.533177532 1.350 3.338 1.89766756 0.53317753
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Table 6.5. The comparative study of error norms for Example 1 (Case III) at ¢ = 24 with others

Methods SBSBEFRKS [62] [52] [63] [59]
L 1.54154e° 1.73987¢~* 1.64873¢™? 9.21264e¢~ 2 2.03188¢ 2

h=08 L, 3.83604e™>  4.33437e~* 4.33356e72 2.29013e™! 5.47448¢2
h=0.4 L 1.23509¢° 1.03213¢™>  4.25828¢3 2.01925¢72 4.78559¢ 2
Lo 2.95514e7%  2.59246e7° 1.11909¢ 2 5.00535¢7% 1.29577¢ 2
h=0.2 Lo, 8.06728¢™®  6.37832¢~" 1.07810e3 4.89501e™3 1.17720e73
T Ly 2.00480e~" 1.60587¢76 2.82645¢72 1.21867¢72 3.20256¢ 3
h=0.1 L 1.79380e™®  3.97932¢® 7.09140e~* 1.21680e3 2.93288¢*

Ly 7.27691e7® 1.00259¢~7  2.70375e~*  3.03019¢7%  7.99013¢~*

Table 6.6. The numerical solution of Ly and L., and comparison of M; and E; for Example 1 (Case III)
at different value ¢

Methods SBSBFRKS [62]

t Loo€7 L2€6 M[ E] M[ E]
exact 6.265806162 2.867694557
t=4 8.176 1.644 6.265806163 2.86769446 6.265806174 2.8667709
t=38 7983 1.856 6.265806168 2.86769436 6.265806174 2.8667711
t=12 8.858 2.084 6.265806168 2.86769426 6.265806173 2.8667711
t=16 9.899 2343 6.265806168 2.86769417 6.265806173 2.8667710
t=20 11.02 2.634 6.265806169 2.86769407 6.265806174 2.8667710
t=24 1235 2955 6.265806169 2.86769397 6.265806174 2.8667710

7. CONCLUSIONS

In this study, a septic B-spline method combined with a direct BFRK technique is proposed
for solving the GR—-RLW equation. In the proposed approach, septic B-spline basis functions
are employed to transform the governing equation into a system of first-order ordinary
differential equations, which is subsequently solved using the BFRK scheme. The proposed
SBSBFRKS method computes approximate solutions of the GRRLW equation without
employing any linearization or transformation techniques. In addition, the invariants and error
norms L and L., are evaluated to assess the accuracy of the method. The numerical results
demonstrate that the proposed method provides solutions that are in excellent agreement with
the analytical solutions. Furthermore, the computed invariants and error norms obtained using
the SBSBFRKS method are more accurate than those reported by existing numerical methods
in the literature.
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