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Abstract: In the traditional Data Envelopment Analysis (DEA) approaches, the inputs and outputs
are usually regarded as exact and real values. Decision Making Units’ (DMUs’) relative efficiency
is assessed and it is known that the factors are input and/or output. However, there are some
conditions in which the DMUs' efficiency should be calculated while the data is integer-valued and
ambiguous. So, different integer DEA models were proposed to determine the units’ performance
when integer-valued data and fuzzy factors are present. Furthermore, there are occasions which
DMUs’ efficiency score should be determined wherever integer-valued data and flexible factors
are present. Hence, some integer DEA methods were suggested to calculate DMUs’ performance
and specify the role of flexible measures where some of the data are integer-valued and some of
them are flexible factors. However, there are some situations that include integer data, fuzzy
integer-valued measures and flexible factors. Hence, the current paper sheds on the kind of model
that evaluate the entities’ relative efficiency wherever integer-valued data, flexible factors and
fuzzy integer-valued measures are present, and determines the role of factors with the uncertain
input or output.

Keywords: DEA; relative efficiency; slacks-based model; flexible factor; fuzzy integer-valued
measure; integer-valued data.

1. INTRODUCTION

Data envelopment analysis (DEA) is a non-parametric methodology which assesses the
performance of a set of comparable Decision Making Units (DMUs). The conventional DEA
models use the real-valued data and specify the roles of the data. Nevertheless, we face the
cases in real application that inputs and/or outputs are integer-valued and the role of data is
unknown. The factors that can be either inputs or outputs are called “flexible factors”.

Cook and Zhu [1] considered the flexible factors to assess the DMUs’ relative efficiency
and specified the role of flexible measures. Amirteimoori, et al. [2] proposed a slacks-based
measure with the flexible factors to evaluate the units’ performance. Tohidi and Matroud [3]
introduced a method to define the role of flexible factors. Lately, Toloo, et al. [4] suggested a
non-radial directional distance model to categorize the flexible measures. Kordrostami, et al.
[5] provided the methods to calculate the units’ efficiency scores where integer-valued data
and flexible factors are present. Lozano and villa [6] introduced models for examining integer-
valued data in DEA. Afterwards, Kuosmanen and Kazemi Matin [7] provided a new axiomatic
foundation for DEA models which are integer-valued. Jie, et al. [8] improved the Kuosmanen
and Matin’s model [7] and showed the model truly solves problems. Besides, Due, et al. [9]
provided methods that examine the slacks to estimate the relative efficiency and super-
efficiency scores of DMUs where integer-valued data are present.

Furthermore, the traditional DEA methods usually treat the data as continuous and exact
measures. Nevertheless, there are situations that entities’ performance should be estimated
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wherever integer-valued and imprecise data are present. Models with fuzzy measures can be
detected in DEA context. Fuzzy set was used in [10] for the first time. Then, this theory was
used to different problems; see [11,12,13] for more information.

Kordrostami, et al. [14] provided a number of models to assess the efficiency scores of
DMU s and to identify the roles of fuzzy flexible measures. Saati and Imani [15] suggested a
procedure to categorize shared factors using fuzzy concept and they determined the role of
shared factors.

Kordrostami, et al. [16] introduced the approaches to estimate DMUSs’ efficiency score
wherever integer-valued data and fuzzy factors are present. However, yet there is no study
considering integer-valued data, fuzzy integer-valued measures and flexible factors in the texts
related to DEA.

That’s why, the current paper introduces the models to estimate DMUs’ efficiency, and
specify flexible factors’ role, where integer-valued measures, fuzzy integer-valued data and
flexible factors are present.

In section 2, the notations used in this paper are suggested and the main ideas of DEA with
integer data, fuzzy integer-valued model and Flexible Slacks-Based Model (FSBM) are noted.
In section 3, a new model for calculation of efficiency with integer-valued measures, fuzzy
integer-valued data and flexible factors is presented. In section 4, the example is presented. In
section 5, conclusion is drawn.

2. PRELIMINARIES

2.1. Notations

Suppose we deal with » DMUs. Symbols are introduced as follows:
j =1,...,n: the set of DMUs
i =1,...,m: the set of inputs
r =1,...,s: the set of outputs
k =1,2,...,K: the set of flexible factors
DMU;: the j-th unit, j = 1,...,n
DMU_,: the unit under consideration
x;;: the i-th input resource of j-th unit
X;,: the input resource i of DMU,
Yrj : the output product » of DMU;
Yro : the output product » of DMU,
Zy; . the k-th flexible factor of DMU;
Zko: the k-th flexible factor of DMU,
s; . i-thinput slacks fori =1,...,m
s, : r-th output slacks forr = 1,...,s
g,(:’): flexible factor slacks as the input fork = 1,...,K
g,(f): flexible factor slacks as the output fork = 1,...,K
d,(cl), d,(cz): binary variables
A;: intensity vectors of DMU;
I': the subset of inputs which are integer-valued
0': the subset of outputs which are integer-valued
K': the subset of flexible factors which are integer-valued
X;;j : the i-th triangular fuzzy input of DMU;
Jrj : the r-th triangular fuzzy output of DMU;
X, : the i-th triangular fuzzy input of DMU,
Vro : the r-th triangular fuzzy output of DMU,
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2.2. Integer-Valued DEA

Suppose we deal with n DMUs, DMUj (j = 1,...,n), with m input resources x;; (i =
1,...,m) and s output products y,.;(r = 1,..., s). In the traditional DEA methods, all data are
regarded as real-valued measures. Thus, the performance of units is measured while the
reference points of units obtain values which are real. However, in many real worlds, some
inputs and/or outputs can only be integer-valued measures. Assume x;;(i =1,...,m) and
yrj(r =1,...,s) are integer-valued data of DMU; (j = 1,...,n), thus some DEA methods

were developed and improved to get integer-valued projections for integer measures. The
suggested model is used to estimate the entities’ performance where integer-valued data, fuzzy
integer-valued factors and flexible measures are present. In the next subdivision, a fuzzy
integer-valued number is determined.

Section 2.3 is similar to that of section 2.2 in Kordrostami, et al. [16].

2.3. Main Concepts of Fuzzy Integer-Valued Numbers
Let R be the set of real numbers and Z be the set of integer numbers.

Definition 2.3.a. Suppose u:R — [0,1] is a fuzzy set. it is called a fuzzy integer if its
support is a closed integer interval (denoted as (u(0), (0))) and satisfies the following:

1. u is normal; i.e., there exists x’ € (1(0),%(0)) such thatu(x") = 1,
2. u(x;) < u(x;) forany x;, x; € (u(0),x") with x; < x;,
3. u(x;) = u(x;) forany x;, x; € (x’,u(0)) with x; < x;.

Note that an interval, which is closed and integer, is showed by (sq,5;) ={x €
Z:s; <x < sy} forany sq,5, € Z and 514 < 5,.

Definition 2.3.b. Suppose sy,51,t; and ty € [ with s < sy <t; <tp,andm,m € Z. If
the fuzzy set u: R — [0,1] is determined as:

( Lif x €(sy, t1);

X~ %o Jif x € (m,sl);

S1— S
u() =1 t, —x .
,if x € (t{,m);
i X € 0,
\ O,ifxe(m,ﬁ>.

where sp < m < s; and t; < m < ty; then u is a trapezoidal fuzzy integer. A triangular
fuzzy integer-valued number can obtain, if s; = t;. See Kordrostami, et al. [16].

2.4. DEA Models with Fuzzy Integer-Valued Measures

In this part, the methods are suggested to assess the DMUs’ performance wherever fuzzy
integer-valued factors are present. Assume there exist n units, that produce s outputs by
consuming m inputs. The j-th unit showed by DMU; (j = 1,...,n), whose x;; (i = 1,...,m)
and y,; (r = 1,...,s) are i-th input and 7-th output, respectively. See Kordrostami, et al. [16].
The following model, referred to as the CCR model, was introduced by Charnes et al. [17] for
estimating the entities’ relative efficiency with data that are precise and real numbers.

A dannansnnn Pa) (2'1)
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n

Ox;, = injlj,i =1...mA =20,j=1,....,n;
j=1
6 shows the efficiency score. 4;(j = 1,...,n) indicate intensity vectors. In this model,x;,and
Yro are symbols of the inputs and outputs of DMU,, respectively. %;; = (X;j1, Xij2, Xij3)»
Vrj = (Vrj1» Yrj2s Yrj3) are inputs and outputs that are triangular fuzzy numbers. Note that X;,,
and ¥, are inputs and outputs of DMU,. The graded mean integration representation approach
is used to calculate the DEA models with fuzzy data, as follows:

Definition 2.4.a Suppose A = (a, b, c) is a triangular fuzzy number, the graded mean
integration representationA can be determined as (a + 4b + ¢) /6.

In fact, abovementioned models are used because of the easiness and rational calculation.
Therefore, by considering Definition 2.4.a, the CCR model with fuzzy factors can be changed

with the model (2.2) as follows:
Minimum 6 such that
n

1 1
6(4)’7‘02 + Yro1 T yroS) = 62(4yrj2 + Yrij1 + yer)Ajrr =1,..,s;
=1
. . ! (2.3)
g(4xl'02 + Xip1 t+ xl'o3) = 62(4‘3(:1']'2 + Xij1 + xl-j3)l- ,i=1,....,m
j=1
ﬂ.] = 0,] = 1,...,7’1

Definition 2.4.a will be true wherever integer-valued variables in the fuzzy linear
programming are present. See [18,19,20] for more information.

Nevertheless, model (2.2) is not appropriate to assess DMUs’ efficiency scores where
fuzzy factors and integer-valued measures are present. Indeed, as non-integer values may be
the reference point of a DMU with integer. The aim of preparing model (2.2) is to compare its
outcomes with the models with fuzzy factors and integer measures.

2.5. SBM Model with Flexible Factor (FSBM)

Amirteimoori, et al. [2] provided the following model in terms of computing the DMUS’
efficiency where the flexible measures are present:

(€]
_ S g
1fwm+k)1bﬁw‘+251;

= Minimum oLl
-1|ym 94r kK Yk
1+(s+K) lzi:lym + k=17

such that

n

Xiop = Z/ljxl] +Si,i = 1, e, m;
j=1
n

= ZAjyrj —-q,r=1,..,5;
j=1

Zko =Zijzk1 +g,((1) —g,(cz),k =1,..,K;

(2.3)

g,ﬁ” g? =0,k=1,..,K;
2,98, 92, qrsi = 0,Vi, ) ke,
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Aforementioned model evaluates the maximum of units’ efficiency scores and determines
the role of the flexible measures. Then, they changed model (2.3) into MILP model (2.4) using
Charnes and Cooper’s transformation [21] and some Variables substitutions:

( )

m
S;
;= Minimump — (m + k)1 (Z z ) such that
Xio Zro
( )
p+(s+K)” <qu g"):l,
Zko

PXio = 2/1 Xij+spi=1,..,m;

(2.4)

PYro = Z/l]'yrj —qnr=1..s;
Jj=1

,DZkO=Z/1]'Zk]+g,((1)—gk),k—1 ,K;

0<g® <md, 0 <g® <Md®,dP +d? =1,k =1,..,K;
Aj,g,(cl),g,(cz),qr,sl >0, d(l) d(z) € {0,1}, Vi, j, k, 1,

That (1 +(+K)1 [Zm A + YK g" ]) A {—1} = p and Mis a large positive number.
Unit o is efficient if and only 1f T, = 1

if g(l) = g’(<2) = 0, the factor which is flexible, can be input or output.

2.6. DEA Model with Integer Data

The following model is a slacks-based nonlinear model with the integer data to analyze the
DMUs’ performance where integer-valued measures are present. In this part, a brief
explanation of this model is provided.

1= ) (S m)
1497 (Zreo )

n
Z A] xi]- < Xi Vl,
j=1

Xi = Xijp — S; Vi,

n
Z /1]' Vrj = Yy VT,
j=1

Vr = Yro + 57 VT,
y. € ZVr € 0.
In aforementioned formula, s; , s;* show the non-radial slacks. x; € Z¥,y, € Z* are the
integer-valued projection points for inputs I7and outputs O’ respectively. Ai(G=1,...,n)are
the intensity vectors.

Minimum p = such that

(2.5)

2.7. FSBM Method with Integer-Valued Data

To assess the DMUSs’ relative efficiency where integer data and flexible measures are present,
Kordrostami et al. [5] suggested the following model:
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(1)

Maximum Zx Z—+Zg—k+z
Lo ZkO

1
igl iell keK’ keK!

(2)

Sy ey ey

eo’
such that

n
xl'o—Sl-_ =Z/1]xl]’l e]l

(2.6)
Yro < 2/1 Yrj» Yrot 5¢ = Vro» re 01:
=1

Zio — G + G0 = ZA %y, kek,
0 < g(n <md®, 0<g® <md?,
~ ~(1 ~(2 '(1) '(2) ~
Zro — ()+g,(() ZAZ,U, Zvo— 9w Y91 = Zko k € K!,

0<gW <mMd?, 0<g® <md®, 0<g® <md?, 0<g§® <Md?,
€3] 2 _
Jzl'o'.')N/ro:ZNkoEZ+ d(l) d(z)E{O 1}, iEII 7"601 kEKI A->O

s;T=0,i¢ll,sf>0,re0,57>20,iel,55>0,r€0,

9009020606220, kek!, gP+gP=0  kek!,

3. DEA MODELS WITH INTEGER-VALUED DATA, FLEXIBLE FACTORS
AND FUZZY INTEGER-VALUED MEASURES

Suppose n DMUs (i.e. DMU; (j = 1,...,n)) is present that produces s outputs (i.e. y,;(r =
1,...,s)) by consuming m inputs (i.e. x;;({ = 1,...,m)). The following model is provided to
assess the DMUs’ performance wherever integer-valued data, the flexible measures and fuzzy
integer-valued factors are present and specify the role of flexible factors.
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- (3)
1—(m+K)< Si +Zl’§1§i>
Lo

i= 1x
Minimum @ such that
g

1+(5+K) 1(7‘1~ ZElZ,;>

n

ZA X; = fio - Si_ Vi,

j=1

n
Z > Yro Yr =Vrot+ S; vr,

1 (3.1)

J:
n
ZA Zk] =z, — gl((1) +g(2) ke KI’
j=1
N 3 4
Zy = Zgo — gl(() g() kEKI,
0<g’ <Md?, 0<g? <md?, 0<g”<md’, 0<g <Md?
dM +a® =1,

X,yzx €z,i€l,re 0 kek!, d,d® e {01}

s 20,5720, g g®gPg® >0 2420 x>0 y.=0 Vijrk

Ai(j =1,...,n) are intensity vectors. When imprecise data as triangular fuzzy numbers are
present (i.e. X;p = (Xjj1, Xij2, Xij3)» Yrj = (Vrj1,Yrj2» Yrj3) in the model (3.1) that x;;; = 0
and y,j; = 0), a fuzzy model should be used to assess the units’ efficiency score. In above
model X;, and ¥,, are inputs and outputs of DMU, . The data of DMUo are fuzzy integer-
valued measures. Consider that in this case inputs and outputs of DMU, are showed by X;,
and J,,, respectively.

The graded mean integration representation method is used to calculate the DEA models
with fuzzy data and handle fuzzy factors. Based on Definition 2.4.a, the model with integer-
valued data, fuzzy integer-valued measures and flexible factors can be written in (3.2).

In this formula, 4; indicates intensity weights. Mis a large positive number. x;, y, Zj are
variables that are positive and integer-valued. They represent integer-valued projection points
for data that are integer-valued. Moreover, if g,(f) > 0 then z; is considered as an input, and it
will be an output if g,(f) > 0. On the other hands if d ,(cl) = 0, the flexible factor is called output

and otherwise (i.e. d}({z) = 0), it is considered as an input.

In fact, fuzzy sets X;j, J,jand Z; are replaced with (4x;j, + X;j1 + X;j3)/6, (4Yrjz +
Yrj1 + Yrj3)/6and (4zyj, + Zyjq + 2j3)/6, respectively. The pessimistic and optimistic
targets are used to show the fuzzy produced outputs and the fuzzy consumed inputs based on
[20]; that is WXy + WXy + WX, WiYrja + WoVrj1 + W3y and wyZyj, + Wyzgjp +
Ws3Zy j3 where wy + w, + wy = 1.

As explained in [20], x;;3 and y, 3 are too optimistic and x;;; and y,; are too pessimistic.
Therefore, we use the weightsw; = 1/6,w, = 4/6and w3 = 1/6 that can be substituted
subjectively. Thus, these boundary values provide us boundary solutions.

Notice that(a, b, ¢) is a triangular integer fuzzy number, while (a + 4b + c)/6is gained as
non-integer value, we will round it to the closest integer value. Indeed, we consider
[(a + 4b + ¢)/6] in terms of the effect of rounding (a + 4b + c)/6is almost insignificant.

Copyright ©2025 ASSA. Adv. in Systems Science and Appl. (2025)
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— 3
Mini m+ K =1 4xi02 + Xio1 t Xio3 k=1 4'Zkoz + Zro1 t Zko3
mimum p S+ g(4)
1+ = (2o 3 + Xk=1 >
s+ K "=14yr02 + Yro1 + Vro3 147102 + Zko1r + Zios
such that
1 n
gz ﬂ.] (4xl-j2 + Xij + xl-j3) < x; Vi,
j=1

=z (4xi02 + Xio1 + Xi03) —S; Vi,

1 n

—2/1-(4y-+y-+y-)2y vr

J Tj2 rjl Tj3 T )
6 (3.2)
1 +
Vr = g (4Yro2 + Yro1 + Yro3) + Sr vr,
1 n
1 2
gz Aj (Azyjp + Zij1 + Zyj3) = 2 — g,(c IRt 9;(c ), vk,
j=1
3 4
k=g (4Zo2 + Zko1 + Zko3) — g,(( )+ g,(( ), vk,

0<g®P <md?, 0<g@®<md?®, 0<g® <mMd®, 0<g® <md®?,
d’ +dP =1, d,dP e{01},

X, V2 €Ez,i €I, r€ 0L,k €K!,

o @ 3

s =0,5720, g g? g 9P >0 x=0 y=0 120 Virk,j

Table 1. Data of an example

DMU | x| % 7 iz Measure
1 [ 280 | 182 [ (100,121,160) | (160,182,195) | (15,12,30)
2 [370 | 280 [ (180,210,232) | (145,156,160) | (10,10,10)
3 [230 [ 124 | (102,120,136) | (150,175,190) | (12.10,9)
4 [430 ] 210 [ (150,170,190) | (50,60,70) (9,6,18)
5 | 325 [ 122 | (102,130,160) | (280,286,293) | (6.8.,12)
6 | 315 [ 240 | (190,213,234) | (72.85.94) | (16,30,13)
7 253 ] 170 | (130,151,167) | (260,275,286) | (15.10.4)
8 | 305 | 185 | (201,225,246) | (76.,87.93) (10,5.8)
9 [ 245 | 129 | (130,146,160) | (230242,251) | (3.5,10)

4. NUMERICAL EXAMPLE

Suppose 9 DMU exist. Inputs are numbers which are integer-valued and outputs are measures
that are fuzzy integer-valued. The flexible measures are fuzzy integer-valued factors which are

showen by triangular fuzzy numbers. The columns of table

1 indicate inputs and outputs.

Column 2 shows the first input and column 3 shows second input while columns 4 and 5
display outputs and column 6 indicates the flexible measures. Our purpose is to assess the units
efficiency score in the presence of the abovementioned measures. For defining the role of
flexible measures and estimating the DMUs’ efficiency, model (3.2) is used. The targets that
are obtained from proposed method, can be seen in table 2. The efficiency score of model (3.2)

Copyright ©2025 ASSA
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are showen in column 2 from Table 2. Moreover, the scores are specified in columns 3,4,5 and
6. It is clear that the scores of integer data are assessed as non-integer scores.

Consider that firstly we have used one method to defuzzify the fuzzy numbers. Secondly
we have assessed the DMUs’ performance. Therefore, the reference points are evaluated as
continuous and crisp values.

Based on the columns 5 and 6 of table 2, DMU 1, 3, 7 are regarded as inputs and the others
are considered as outputs.

Consider that all integer-valued scores in model (3.2) have integer-valued projections.
Besides, unit 4 is the most inefficient DMU in model (3.2). However, it is reminded in Lozano
and villa [6] that rounding the real reference point may not be suitable. Thus, apparently, the
model proposed (model (3.2)) is reasonable for the conditions that all inputs and outputs are
integer-valued numbers, fuzzy integer-valued factors and flexible measures.

5. CONCLUSIONS

In the conventional DEA models, all data are usually regarded as exact and real numbers.
Classifying data is an important subject to analyze the performance. There are the situations
in real application that the units’ efficiency score with integer-valued data, fuzzy integer-
valued measures and flexible factors should be evaluated. Some studies have examined the
units’ efficiency scores wherever integer-valued data, fuzzy integer-valued measures are
present. Furthermore, some researches studied the DMUs’ efficiency where integer-valued
data and flexible factors are present. This paper was suggested a slacks-based nonlinear
programming problem to estimate the entities’ efficiency score and specify the roles of flexible
factors in the presence of integer data, flexible factors and fuzzy integer-valued measures. The
graded mean integration representation method was used on fuzzy data in terms of defuzzify
them. An example was stated to describe and illustrate approaches.

Table 2. Results of the proposed models

DMU | Efficiency | g:® | g:® | ¢t | a;®
1 0.644 | 45 [ 0 1 0
2 0.524 0 5 0 1
3 0.738 [ 4.167 [ 0 1 0
4 0.279 0 [ 45 ] o0 1
5 0.852 0 [4667] 0 1
6 0.395 0 [4167] o0 1
7 0.862 [2.833] 0 1 0
8 0.463 0 [4667] 0 1
9 0.846 0 [ 45T o0 1
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