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Abstract: Tuberculosis (TB) is an infectious disease caused by mycobacterium disease which
causes major ill health in humans. Control strategies like vaccines, early detention, treatment and
isolation are required to minimize or eradicate this deadly pandemic disease. This article presents
a novel mathematical modelling approach to tuberculosis disease using Vaccinated-Susceptible-
Latent-Mild-Chronic-Isolated-Treated model. We examined if the epidemiology model is well
posed and then obtained two equilibria points (disease free and endemic equilibrium). We also
showed that TB disease free equilibrium is locally and globally asymptotically stable if Ry < 1.
We solved the model analytically using Homotopy Perturbation Method (HPM) and the graphical
representations and interpretations of various effects of the model parameters in order to measure
the impact for effective disease control are presented. The findings show that infected populations
will be reduced when the isolation and treatment rates and their effectiveness are high.

Keywords: tuberculosis; Homotopy Perturbation Method; infectious disease; basic reproduction
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1. INTRODUCTION

Tuberculosis (TB) is the third greatest killer worldwide caused by an infectious agent [12].
According to World Health Organization (WHO), one-third of the world’s population is
currently infected by the TB bacillus bacteria. Being a disease of poverty, the vast majority of
TB deaths are in developing countries with more than half occurring in Asia. Furthermore,
over 95% of these deaths occurred in low- and middle-income countries where the cost of
diagnosis and treatment is high, and not readily accessible.

Tuberculosis is a chronic bacteria infectious disease caused by Mycobacterium
tuberculosis which poses a major health, social and economic burden globally, especially in
low- and middle-income countries [5]. The surge in HIV-TB co-infection and the growing
emergence of multidrug-resistant TB (MDR-TB) and extensively drug-resistant TB (XDR-TB)
strains has further fueled TB epidemic. TB usually affects the lungs (pulmonary TB) but it can
also affect other sites as well (extra-pulmonary TB). Tuberculosis is transmitted by tiny
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airborne droplets which are expelled into the air when a person with active pulmonary TB
coughs or talks [21,22].

Diagnosis of latent TB infections (LTBI) and prompt treatment of active cases remains an
important component of effective TB control as shown in previous studies. On the other hand,
undetected TB infection and delay in the treatment of active TB cases leads to more severe
disease conditions in the infected person which could result in wider disease spread in the
community [3, 7, 10, 9].

Some researchers have proposed some mathematical models to solve problems arising
from TB models and we shall discuss some of them as follows: [8] presents a Susceptible-
Exposed-Infected-Recovered (SEIR) tuberculosis model which incorporated treatment of
infectious individuals and chemoprophylaxis (treatment for the latently infected). The model
assumed that the latently infected individuals develop the active disease as a result of
endogenous re-activation, exogenous re-infection and disease relapse. [4] presents the
mathematical model of a tuberculosis transmission dynamics incorporating first and second
line treatment. [7] proposed a seven-compartment model which included diagnosed and
undiagnosed infectious population and their result shows that high vaccination rate is required
to eradicate TB. In [16], the authors develop a mathematical model for control of tuberculosis
epidemiology by incorporating some control strategies, the findings of the study show that
using multiple controls is the best way to control the spread of TB. Several studies have been
conducted utilizing a mathematical model method in order to identify ways to control diseases
in the population [1,13, 18-20]. [17] presented a deterministic SEIR model to described the
transmission dynamics of TB in Ashanti region of Ghana and the results showed that the region
has herd immunity against TB infection. In this study we consider some control strategies such
as, treatment, i1solation and vaccination into the mathematical formulation of TB outbreak with
assumptions that people in each compartment have equal natural death rate and infection does
not confer immunity to the treated and recovered individuals.

The rest of the article is divided as follows: Method which includes model formulation and
mathematical analysis of the model are described in “section 2. Next, section consists of the
semi-analytic solution of the model formulated. Numerical simulation and graphical
representation of results is given in 4, while the discussion of the results is presented in section
5. Finally, in section 6, we have provided conclusions of this article.

2. METHOD
2.1. Model formulation

In this section, the TB transmission model is formulated. Using a compartmental approach,
the total host population can be partitioned into seven compartments according to their
epidemiological status. The groups are the Vaccinated (V(t)), Susceptible (S (t)),Latent
(E (t)), Mild TB (Im(t)), Chronic TB (Ic(t)), isolated infectious (] (t)) and Treated (T(t))
individual, where t is the time variable. It is assumed that once the treatment of active TB
cases is interrupted, there is no more treatment. Vaccination reduces the risk of infection by a
factor 8 € (0,1) and the efficacy of the vaccine is w. Let a constant 7 stands for the number
of newborn babies into the population, then 87 are the individuals in the vaccinated class while
(1 — 0)m are the susceptible individual. The susceptible class also increases with a waning
rate of vaccine at w, due to fact that vaccine does not confer a total immunity. We assume
thatuis per capital natural death rate and d;(i = 1,2,3) is the disease induced death rate in
classesl,, (t), I.(t) andJ(t) respectively. It is natural to assume that d, > d3 > d; due to the
treatment of active TB cases reducing the disease induced death rate are the transmission
coefficients from class S(t), E(t) and T(t) respectively. We assume that 1; > 1, > 45
because the treatment of active TB cases reduces the infectivity of active TB cases. Take
p(0 < p < 1) as the fraction of the latent persons who have fast TB progression. The
Copyright ©2022 ASSA. Adv. in Systems Science and Appl. (2022)
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proportion ¢ of individual in the exposed class will progress to the chronic class via
endogenous us reactivation. ois the reactivation rate from the latent persons to infected class.
yis the reactivation rate of the individual in the mild TB (Im (t)) to the chronic TB (IC (t)).
The parameters are the recovery rates of the individual in the classes (Im(t)), (Ic(t)) and J(t)
respectively. And the parameter is the rate of isolation of the individuals in chronic class
(1.(®).

In this article, the TB dynamic model describing the compartment is based on the following
assumptions:

That a proportion of the population of newborn is immunized against TB infection through
vaccination.

That the immunity conferred on individuals by treatment expires after some time at given
rate.

That people in each compartment have equal natural death rate of u

That there are no immigrants and emigrants. The only way of entry into the population is
through new-born babies and the only way of exit is through death from natural causes or death
from TB related causes.

That the infection does not confer immunity to the treated and recovered individuals and
so they go back to the susceptible class at a given rates.

That all newborns are previously uninfected by TB and therefore join either the immunized
compartment or the susceptible compartment depending on whether they are vaccinated or not.

We combine the basic assumptions, model parameters, variables and the TB infection
processes to formulate a schematic diagram for TB infection as shown in Figure 1. The model
equations are given as follow

av

E=n6—(u+w)V, (D
S =n(1-6)— 1S — S+ wV, )
& = 1S+ AT — LE — (u+ 0)E, (3)
cZ-;”: (1= p)oE — (v + u+1 +d)lhy + (1 = P)A,E, (4)
% =poE +yl, — (ry+r3+u+dy)Il. + pA,E, )
L=nl—(u+dy+m) . (6)
&+l 41yl — (u+ 25T, (7)

dl
Where /11 = ﬁ(IC + gllm + 82]),/12 S a(]c + SBIm + 84]) and /13 S )/(IC + 851771 + 86])'

Copyright ©2022 ASSA Adv. in Systems Science and Appl. (2022)
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Figure 1: Schematic Representation of the Model

Table 1. Notation and definition of other parameters

147

Symbol | Description

&1 Treatment rate of individuals in mild class

Ty The treatment rate for those is I .class

T3 The progression rate from classes/; to J

4 The treatment rate for those in isolated class

B Transmission rate among the susceptible

d, Death rate for mild TB individual

d, Death rate for chronic TB individuals

ds Death rate for isolated class

a Effective transmission rate from latent class to infected class

£ Relative infectiousness of humans with mild TB compared to humans in the chronic class

& Relative infectiousness of humans with TB in the isolated class compared to humans in the
chronic class

&3 Relative infectiousness of humans with mild TB due to endogenous reactivation compared
to humans in the chronic class.

I Relative infectiousness of humans on isolation after endogenous reactivation compared to
humans in the chronic class

s Relative infectiousness of humans with mild TB due to exogenous re-infection compared to
humans in the chronic class

& Relative infectiousness of humans on isolation after exogenous re-infection compared to
humans in the chronic class

p Fraction of the latent persons who have fast TB progression

g Reactivation rate from the latent individuals

b Proportion of individual in the exposed class

y Reactivation rate of the individual in the mild TB class

atural death rate
u Natural death rat

2.2. The positive invariant region

The entire population size N can be determined from by adding Equations (1)—(7). Hence,

N({)=S@t)+V(t)+E()+ 1,(t) + I.(t) + J(t) + T(t) then,

S =m— uN(t) — dyN — dyN — d;N

In the absence of the disease (d; = d, = d3 = 0) then (8) gives

Copyright ©2022 ASSA. Adv. in Systems Science and Appl. (2022)
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aNn _
— =T uN 9)

Theorem 1:

The system (1) to (7) has solution which are contained in the feasible region Q for all t > 0.

Proof.

Let2 = (S,V,E,L,1,],T) € R7 be any solution of the system (1)—~(7) with non-negative
initial condition. Using theorem of differential inequality, Equation (9) gives

d )
d—IZ <m—uN,then0 <N < g, Hence m — uN > ke ¢, where k is constant. Thus, the

feasible set of the model is given by
0 ={S\V, I 1o ), T) € R:S,V, I, 1), T = 0,N < 5},

which is positive invariant (i.e., solution remain positive for all time t) and the model is
epidemiologically meaningful and mathematically well pose. O

2.3. Positivity of solutions

Since Equations (1)—(7) represent the population in each compartment and all model
parameters are all positive, then it lies in a region € defined by

0 ={S,V, I, 1], T) € R7:8,V, I, 1,],T = O,N < g}

Theorem 2:
Let the initial value for the model equation be given as
{(5(0),V(0),E(0),1,,(0),1.(0),] (0),T(0))} € n

Then the solution set {S(t),V(t),E(0),1,(t),I.(t),J(t), T(t)} of the system (1)—(7) is
positive for all t > 0.

Proof.
From Equation (2)
% =n(1—-60)+wV — (A, +u)s then,% > —(A + w)S

On Integrating it gives f% > — [(A; + ) dt.
Hence, S(t) = S(0)e~ i+t
Applying the same approach to other equations in the model equations, we have:
V(t) = V(0)e Wt E(t) = E(0)e~(0HH+AIE [ (£) > [,,(0)e~ T Hutritdi)t
I.(t) = I.(0)e~(atms+utdalt (1) > [(0)e~WHdstT)t T(t) > T(0)e~ W43t Therefore,
the solution to the model equations is positive for all t > 0.0
2.4. Equilibrium points of the model

The equilibrium state is the point in which there is zero disturbance on the system under
consideration. That is, the rate of change of the model variables with time is zero. Thus, at
equilibrium,

ds _ v _dE _dhy _dle _dJ _dT _ (10)
dt dt dt dt dt dt dt

LetE* = (V,S,E, I, 1.,],T) = (V*,S* E*, L,,", I.", ]*, T*) be arbitrarily equilibrium point

Substituting Equations (10) into Equations (1)—(7) gives:

md — (u+ w)V =0, (11)
T(1—60)— A4 S—uS+wV =0, (12)

Copyright ©2022 ASSA Adv. in Systems Science and Appl. (2022)
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(1=p)oE -y +u+r+d)h+ (1 —-P)4LE =0, (14)
7"31 _(ﬂ+d3 +7”4)]=0 (16)
1) + 1l + 1L, — (u+A3)T = 0. (17)
From Equation (11) we have
_ mh
= oy (18)
Substitute Equation (18) into equation (12) we have
0
yoww” (ﬂ(1—9)+ﬂ) =S. (19)

3
Tatu+ds’

From (15) wehave [(1 —p)o + (1 —P)AL)E = [ + 3+ u+ dylL, = E = K1,

T'2+T3+H+d3 . _
RS PEErSYR from Equation (16) we have (r, + 13 + u + d,)I. = poE +

¢ALE + v, then I, = K31, where K3 = lootdly)izty further substitution gives | = K; K31,

From Equation (16) we have | = K;I. where K; =

where K, =

ro+r3+u+d;
and from Equation (17) we have: T = %
then T = K,I,,, where K, = (s 6 7 47)
UtAs
A = BUc + &1y + &) ] = KKzl
Ay = a(l; + 31, + €4]) ¢ and by combining both equations:
A3 =y, + el + g6)) Io = K3y

A = Bln(K3 + &,K:1K3 + &) \
/12 S OlIm(K3 + £4K1K3 + 83)

A3 = V1l (K3 + €K1 K3 + €5)

Further substitution gives [fKsS + y1K; — aK K¢l — (U + 0) KL, =
Therefore, I,, = 0 or BKsS + y1K; — aKgKul,, — (u+ 0)K, =0

Ks = K3 + &1 + £KK3
where Kg = K3 + €3 + €,K; K3 ¢ and

K; = K3 + &5 + K1 K3

A = BKsly \
Ay = aKgl,y, ;. (20)
As = v1K71y

2.5. Disease free equilibrium (D.F.E)

The disease-free equilibrium state is the point at which there exist no infection in the given
population.
At Disease Free Equilibrium, we let

(V,S,E, 1., 1.],T) = E* = (V" S* E*, I, I:,]*, T*).

Lemma 1:

Copyright ©2022 ASSA. Adv. in Systems Science and Appl. (2022)
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The D.F.E of the model exists and is given by

0  w(u+w—pud)
E® = (V" S"E" Iy, I8,]", T") = ( : ,0,0,0,0,0 .
e w+w)' pp+ow)
Proof.
4 =0 B =0
Suppose I, = 0. Then Equation (20) becomes 4, = 0} and also I N 0
A3 =0 €
3 T =0
From (19)
g _m(p+ w —pb)
pp + w)
Thus, the lemma is proved and
Ve o
(u+tw)
S* m(u+w—ud)
ulp+w)
E* |= 0
I 0 1)
I’ 0
C
J* 0
0
T*

The above equation is the Disease-Free Equilibrium.

2.7. Effective reproduction number

In biomathematics, the basic reproduction number (Ry) is the average number of infected
contacts per infected individual. It is one of the fundamental concepts to determine the future
of an epidemics in a population. When R, < 1 The infection will die out in the long run, but
if Ry > 1. The infection will be able to spread in a population. In this model, the spectral radius
of the equation is given as largest eigenvalue given as Ry = pfv !

Following the procedure in [14, 15], the next generation matrix operator is used to estimate
the effective reproduction number such that the Jacobian matrices for the new infection terms
and the remaining transfer terms are obtained below

A4S + AT

Fo=| (A= 9))E

($22)E

0

(u+o0)E
(y1+n+di+wWlhy — (1 —p)oE
(rp + 13 +dy + @)l — y1hy — poE

(n+ds+mn)] —rlc

Bem(u+w—ub) Pr(p+w—ub) Pen(u+ w—pud)

Vl' =

0
pu(u + w) pu(u + w) pu(u + w)
F(DFE) =| o 0 0 0
0 0 0 0
0 0 0 0

Copyright ©2022 ASSA Adv. in Systems Science and Appl. (2022)
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(u+o0) 0 0 0
V= —(1-p)o (y1+u+r+dy) 0 0
—po —71 (rp+r3+d; + 1) 0

O 0 —T3 (ﬂ + T4 + dg)

Q, 0 0 0
_Cl QZ O 0
—C; —y1 Qs 0
0 0 —13 Q4

Let V =

where
Q1=(I'l' + O-))
Q=y+u+tnr+d,
Q:=r,+r3+d; +y,
Qs=d3z+1m+u,
therefore
- 0 0 0
(u+o)
1—-p)o 1
& - 0 0
V_l — QlQZ QZ
(1 —p)yo + paQ, 14 1y
Q10205 Q205 Qs
r3l(A—plyo +poQ] 13y o1
01020304 Q20304 Q304 Q4
FV—1=
Beiox(1—p)  Pxo[(1 —p)ys +pQ2]l  Beaxrso[(1 —p)ys +pQ2] Berx n Bxys " Bexrsyy ﬁ_x+ Pexrs  feyx
Q102 Q10205 Q1020304 Q: Q20; Q20304 Q3 Q304 Q,
0 0 0 0
0 0 0 0
0 0 0 0
(22)
where x = THFOT# )

plutw)
From (22), we calculate the eigen-values to determine the basic reproduction number, R,

by taking the spectral radius (dominant eigenvalue) of the matrix FV 1, This is computed by
| — AI| = 0, hence the matrix becomes

Tl - Al TZ T3 T4-

0 -, 0 0
U=Al=t A
0 0 0 —A
where
_ Berox(1—p) N pxa[(1—p)ys + pQ;] N pxe;rso[(1— p)ys + pQ;]
! 010, 010,05 0102030,
_ Beix  Bxy;  Pexrsy; _ ﬁ_x Beyxrs _ peyx
270, Q205 02050, 7% Q3 QsQ, T Q
and
Copyright ©2022 ASSA.
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_n(u+ w—pbd)
o p(et w)
This implies that
A=T, = Beiox(1—p) N Bxal(1 = p)ys + pQ.l N Bexxr3al(1 = p)ys + pQ,l
Q10 010205 Q1020304
A, =0,43=0,14, =0.
Therefore

R — Box[(1— p)(&Q3 +v1) + pQ;] n Bexxrsa[(1 — p)y, + pQ.]

o Q10205 010,030,
_ Bor(u+ w — p6)([(A — p)(e1Q5 + y1) + Q2104 + &273[(1 — p)y1 + QD)
ﬂ(ﬂ + (U)(Il + 0)Q2Q3Q4

where
Q=y+pu+n+d,
Qs=r,+r3+d, +u,
Qu=dz+mn+p
2.8. Local stability of disease-free equilibrium
Theorem 3:

The Disease Equilibrium of the model equations (1)—(7) is locally asymptotically Stable
(LAS) if Ry < 1.

Proof.
Using Jacobian stability techniques, the Jacobian matrix at D.F.E is given by:
J(E®)
—(u+w) 0 0 0 0 0 0
w —u 0 0 0 0
Bem(p+w—pd) Per(u+w—pd) Pen(p+ w —ud)
0 0 —(u+ 0
_ e +0) plu + w) plu + w) pp + w)
0 0 (1-pog -y +pu+di+mn) 0 0 0
0 0 po y —(ry+rys+u+ds) 0 0
0 0 0 n 7 7 —u
Let
Ql = (l’l' + J), W
Q= +u+d+m),
Qs =—(p+13+u+ds),
Q= (u+ds+m),
QS = (l’l' + O)),
B, = Bamlito-ub) ') (23)
ulptw)
B — ﬁ”(ﬂ"‘w_ﬂe)
2 plutw)
B, = Beim(utw—pb)
3 u(ut+w)
Ci=0-p)o )

Copyright ©2022 ASSA Adv. in Systems Science and Appl. (2022)
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—Qs O 0 0 0 0 0
w U 0 0 0 0 0
0 0 —-Q, By B, B, 0
J(E®) = 0 0 i 0, 0 0 0
0 0 po y —0Q; 0 0
0 0 0 0 3 —0Qp O
0 0 0 7 T T, —U
Then,
IRy
—Qs— A 0 0 0 0 0 0
0 —uQs — A1 0 0 0 0 0
0 0 —-Q,—1 B, B, B, 0
= 0 0 0 Qs—A (1B, C1B3 0
0 0 0 0 Q,—1 Qg 0
0 0 0 0 0 —Q9— A1 0
0 0 0 0 0 0 —Q9Q19 — 1
and

Q¢ = C1B1 — 010,
Q7 = (C1B1 — Q1Q2)(poB; — Q1Q3) — (¥Q1 — poB1)C1 By,
Qs = (C1B1 — Q1Q2)poB; — (yQ1 — poB1)Cy B3,
Qo = —([(C1B1 — Q1Q2)(poB; — Q1Q3) — (yQ1 — paB1)C1B;1Q4),
+73[(C1By — Q1Q2)paBs — (yQ1 — poB1)C1Bs],
Q10 = u(C1B; — Q1Q2)[(C1B; — Q1Q2)(poB; — Q1Q3) — (yQ1 — paB;)Cy B;]
where
Qs—1=0, )
—uQs —1=0,
—-Q,—1=0,
Qe—A1=0,
Qy—1=0,
—Q13Q15 — 4 =0/
From Equation (24) A = —Q43,

~

(24)

1 = _{[(ClBl — Q1Q2)(poB; — Q1Q3) — (Y@ — paBl)ClBZ]Q4}
° +73[(C1B; — Q1Q2)poB3 — (yQy — poB1)(C, Bs] .

Substitute equation (23) into equation (25), we have

(25)

(1-p)(&1Q3 +¥)Qs + pQ2Q4 + 135,(1 — p)y + PQzl
p(p+ 0)Q102Q30Q, '

= —pén(p+ w — ub) [

Therefore,

_ . (1-p)(£1Q3+Y)Q4+pQ2Q4+1382(1—p)y+pQ2
Ro = pom(p+ o ”9)[ u(u+®)Q1Q2Q50Q4 ] (26)

Copyright ©2022 ASSA. Adv. in Systems Science and Appl. (2022)
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The DFE is locally asymptotically stable since all the eigenvalues of (26) are negatives for
Ry < 1, hence the proof is established. O

3. NUMERICAL METHOD

3.1. Homotopy Perturbation Method (HPM)

The fundamental of Homotopy Perturbation Method (HPM) was first proposed by [11].
The Homotopy Perturbation Method, which provides analytical approximate solution, is
applied to various linear and non-linear equations. [2, 18] used Homotopy Perturbation Method
to solve a Susceptible-Infected-Recovered (SIR) model of infectious diseases. The Homotopy
Perturbation Method is a series expansion method used in the solution of nonlinear partial
differential equations [18].

To show the simple concepts of this method, we consider the following non-linear
differential equation given as equations according to [2].

AU - f)=0,ren (27)

Subject to the boundary condition

B, (U, ‘;—Z) =0,rerl (28)

Where As is a general differential operator, B3 a boundary operator, f(r) is a known
analytical function and I" is the boundary of the domain 2. The operator A3 can be divided into
two parts L and N, where L is the linear part, and N is the nonlinear part. Equation (27) can be
written as:

LWU)+NWU)-f(r)=0,reqn.
The Homotopy Perturbation structure is shown as follows
HWV,h) = (1 =Rm)[LV) = LU)] + h[AV) = f(1)] =0 29)
where
V(r,P):2€[0,1] = R. (30)
In equation (29) P € [0,1] is an embedding parameter and U,is the approximation that

satisfies the boundary condition. It can be assumed that the solution of the equation (30) can
be written as power series in h given as equations (31) to (32):

V = VO + th + h2V2+... (31)
And the best approximation for the solution is: U = limv = vy + hv; + h?v, + -+
h - 1. (32)

The series (31) is convergent for most cases. However, the convergent rate depends on the
nonlinear operator A (V)

3.2. Solution of the model equations using HPM

From differential equations 1 to 7

St @+ M)S—wV —m(1-6) =0, (33)
Cruto)V-or=0, (34)
L0+ +WE = AT - 1S =0, (35)

Copyright ©2022 ASSA Adv. in Systems Science and Appl. (2022)
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"Z_:@+(y+y+r1 +d)ly, — (1 -p)oE-(1-¢)1E=0, (36
% +(u+dy +1r3+1)l. — poE —yl, — pA,E =0, (37)
% +@+ds+m)]—rl. =0, (38)
% + U+ )T —1y) =13l — 1y = 0. (39)

With the initial condition given as
S(O) = SO'V(O) = VOlE(O) = EO'Im(O) = ImOJIC(O) = ICO'](O) = ]OJT(O) = TO'

(40)
Let
S =so+ hs; + h?s,+..,, (41)
V =ug + hu; + h2uy+..., (42)
E = vy + hvy + h?v,+..., (43)
Ly, = wo + hwy + h?w, + -, (44)
I, = xo + hxy + h%x,+..., (45)
] =yo + hy, + h?y,+..., (46)
T =2zy+ hzy + h?z,+. ... (47)
Applying HPM into equation (33)
- +h|[T+ @+ 2)S -0V —m(1-0)|=0. (48)
Substitute equation (41) and (42) into (48)
(s§ + hst + h%si+..)+h EZ ;f;iﬁifj::f;si J;T'("l)__ 9‘3’ = 0.
Collecting the coefficient of power of h, we have
ho:st =0, (49)
hl:si+ (u+ A)so — wuy —m(1—0) =0, (50)
h?:s3 + (u+ A1)s; — wuy = 0. (51)

From Equation (49) s§ = 0, integrating both side s, = D; and applying initial condition
50(0) = SO = Sp, D1 = SO and So = So.
From Equation (51)

S::ll = 7-[(1 - 9) + (Uvo - (ﬂ + /11)50.

Integrate both sides and applying the initial condition we get:

s1(t) = ((1 = 0) + wvy — (U + A1)so)t. (52)
Substitute Equations (41) and (42) into (52)
s1(t) = (m(1 = 0) + wEy — (1 + 41)So)t. (53)
Applying HPM to Equation (34)
av av
- +h[Z+ @+ w)V 8] =0. (54)

Substitute Equation (42) into (54)
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(ud + hul + R2ul+..) + h[(u + w)(ug + huy + h?u,+...) — 6] = 0.
Collecting the coefficient of power of h, we have
hO: ué =0,
ht:ul + (u+ w)uy — 76 = 0,
h?:ul + (u + w)u, = 0.
From Equation (56)
ul =mh — (u+ w)uy.
Integrate both sides and applying the initial condition we have:
uy () = (M6 — (u + w)up)t.
Substitute Equation (42) into (60)
uy () = (M6 — (u + w)Vp)t.
From Equation (51)
s = wuy — (1t + 1)s;.
Substitute Equation (59) and (53) into (60)
s7 = @m0 — (u+ w)Vp)t — (u + ) (w(1 — 0) + wEp — (1t + A1)So)t,

(35)
(56)
(57)

(58)

(39)

(60)

$; = (w(ﬂe —(u+w)Vy) = (u+ ) (1 —0) + wEy — (n + /11)50))t-

Integrating both sides and applying the initial condition

2
52(8) = (0(0 = (u + @IVp) = (u + ) (1 = 0) + wEo — (1 + 11)50)) 5
Substitute the initial condition and equation (53) and (61) into (41)
S(t) S SO + hSl + h252+.. .y
S(t) = {}li_rg}(so + hsy + h2%sy + +++),
S(t) =Sy + S1 + Sz+...,
hence,
tz
(w(n@ —(ut Vo) -+ 1)@ -0) + wEy — (u+ /11)50)) o

Following the same process for other equations, we have:

V(E) = Vo + (10— (u + )Vo)t + ((u + @)(0 = (u + w)V))

_ AzTo + 1150 - )
E() = Eo + ((a + A, + WE,
Ay(rafo + 12lo + 1l — (U + A3)Tp) + A4 £2
+| (m(1-0) + wEy — (H + /11)50) ?;

—(Az + 4+ 0) (AT + A4Sy — (0 + A2 + WE)
Iy (®) = Lo + (L = p)OEg + (1 = PIAEg — (¥ + e+ 11 + dy) o)t +
(A=p)a+ 1A —0)ATo+ 1S — (0 + A + WE) — (¥ + 1 +dy + 1)
<(((1 —p)o+ (1= P))Eg— (v +p+1 + dl)ImO)

. (61)

tZ
?p
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1.(t) = Ioo + (PALEq + poEg + YIo — (U + dy + 15 +13)xI o)t +
(po + PA)(A,Ty + 4,5y — (0 + A, + WE,) + +2
Y((l —p)oEg+ (1 —P)LE, -y +u+r + dl)ImO) - >
(u+dy + 13 +13)(PAEy + poEy + vLpo — (1 + dy + 15 +13)x1 )

r3l.g— (U+ds +
J@t) = J, + <]z co— (u 3 4))t
(7”3(¢32E0 +poEy + Vo —(u+dy +12+ 7”3)xlco))ﬁ
—(pu+ds + 1) (3l — (u+dz +14))p) 2’
T(t) =T+ (ryfo + 12leo + 11lmo — ( + A3)Tp)t
14 (13l — (U + d3 +14)]) +
<¢/12E0 + poEy + Vg _> n
2 (U +dy + 1y +13)xl 2
+ ((1 —p)oEy + (1 — ¢p)A;E, —) -
71 2
(y+u+r+d)ln
1fo + 12lco + T1lmo
—(u A ( )
(e +43) —(u+ 2A3)T,

4. RESULTS

4.1. Numerical parameters

In this section, we give the values and source of the parameters used for simulating the
model. We used the following initial values for S(t) = 160,840,589, E(t) = 1,700,000, I,,,(t)
=90000, I.(t) = 10,400,000, J(t) = 1,000,000, T(t) = 1,109,000 and V(t) = 8,000,000. N =
SW+E@®)+1,(t)+1.(t)+](@) +T(t) +V(t) = 206,139,589.

Table 2. The parameters value used for the model

Parameters Value Source
T 2,895,131 | Estimated
U 0.018 Estimated
d, 0.0365 Assumed
d, 0.68 [21]
d, 0.1 [22]
el 0.02 Assumed
T, 0.02 Assumed
T3 0.00375 [21]

0 0.020 [22]

p 0.075 [22]
[0} 0.3 Assumed
Ay 0.2 Assumed
A 0.2 Assumed
g 0.01 Assumed

4.2. Graphical representation of solutions of the model equation

The graphical representations are from the analytical solutions of the model equations.
They are plotted using MAPLE software.
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Fig. 2. (a) Effect of waning rate of vaccine on the chronic class. (b) Effect of waning rate of vaccine on
vaccinated class. (c) Effect of isolation rate on the isolated compartment. (d) Treated individual against time for
different values of recovery rate for chronic class. (e) Effect of recovery rate for those in isolated class. (f)
Impact of effective interaction between susceptible and infected classes. (g) Mild TB individual against time for
different values of transmission rate.
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5. DISCUSSION

Figure 2a is the graph of chronic infected individuals against time for different values of
waning rate of vaccine. We carried out simulations by varying waning rate of vaccine as 0.2,
0.4 and 0.6. It could be observed that different level of waning rate does not have effect on the
infected population. For different level of waning rate, the TB infection continues to persist in
the given population.

Figure 2b is the graph of vaccinated individuals against time for different values of waning
rate of vaccine. It was observed that the vaccinated population decreases with increase in the
vaccination rate. Therefore, high waning rate of vaccine reduces the vaccinated population and
thus puts them at the risk of contracting the disease.

Figure 2c¢ is the graph of isolated infectious individuals against time at different values of
Progression rate from chronic TB class to isolated infected class. It was observed that the
number of isolated Individuals increases as Progression rate from chronic TB class to isolated
infected class Increases.

Figure 2d is the graph of treated TB individuals against time. It was observed that the
number of treated TB individual increases as the recovery rate among the chronic TB
individual increases. This implies that increase in the progression rate will lead to increase in
number of individuals with chronic TB disease.

Figure 2e is the graph of recovered individual against time. The lower the treated rate the
lower the number of recovered individuals. The lowest percentage almost decrease to zero.
This shows that as the recovered are treated, they move to Chronic TB population.

Figure 2fis the graph of exposed individual against time for different values of contact rate.
We can observe that infected individuals increase as contact rate increases. The figure
illustrates the great influence of effective contact rate on the exposed population.

Figure 2g is the graph of mild TB individual against time. It was observed that the number
of mild TB individual increases as the transmission rate from the exposed to the chronic
individuals increases.

6. CONCLUSION

In this study, a mathematical model of tuberculosis transmission dynamics incorporating
treatment, isolation and vaccination using the system of first order ordinary differential
equations was developed and analyzed. It was discovered that the model has two equilibria.
The equilibrium states were obtained and analyzed for their stability relatively to the effective
reproduction number. The result shows that, the disease-free equilibrium was stable. We are
able to show that the tuberculosis infectious free equilibrium is locally and globally
asymptotically stable if R, < 1. The analytical solution was obtained using Homotopy
Perturbation Method and effective reproduction number was computed in order to measure the
relative impact for individual or combined intervention for effective disease control.

The graphs illustrate the impact of a combined effect of contact rate, waning rate of vaccine
and rate of isolation. One can observe that this combines effects reduce the size of infected
compartments. Thus, the simultaneous increase of effectiveness of vaccination rate, isolation
rate and treatment rate are effective control measures against TB infection.

The model shows that the spread of tuberculosis infection depends largely on the contact
rate, hence the ministry of health and other health workers should emphasize on the
improvement in early detection of tuberculosis infection cases, so that transmission can be
minimized. Infected individuals should be isolated and treated immediately and individuals
infected with tuberculosis should be given antiretroviral drugs immediately. In future work,
we intent to incorporate optimal control strategy into the model for greater insight into the
dynamics.
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