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Abstract

In this paper, we present an accurate procedure to obtain prediction limits for
the number of failures that will be observed in a future inspection of a sample
of units, based only on the results of the first in-service inspection of the same
sample. The failure-time of such units is modeled with a two-parameter Weibull
distribution indexed by scale and shape parameters § and §, respectively. It will
be noted that in the literature only the case is considered when the scale param-
eter B is unknown, but the shape parameter § is known. As a rule, in practice
the Weibull shape parameter § is not known. Instead it is estimated subjectively
or from relevant data. Thus its value is uncertain. This § uncertainty may con-
tribute greater uncertainty to the construction of prediction limits for a future
number of failures. In this paper, we consider the case when both parameters
B and d,are unknown. In literature, for this situation, usually a Bayesian ap-
proach is used. Bayesian methods are not considered here. We note, however,
that although subjective Bayesian prediction has a clear personal probability in-
terpretation, it is not generally clear how this should be applied to non-personal
prediction or decisions. Objective Bayesian methods, on the other hand, do not
have clear probability interpretations in finite samples. The technique proposed
here for constructing prediction limits emphasizes pivotal quantities relevant for
obtaining ancillary statistics. and represents a special case of the method of in-
variant embedding of sample statistics into a performance index. Two versions
of prediction limits for a future number of failures are given.

Keywords Weibull distribution, parametric uncertainty, future number of fail-
ures, prediction limits
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1 Introduction

This paper extends the results of Nelson [1]. Nelson’s prediction limits were mo-
tivated by the following application. Nuclear power plants contain large heat
exchangers that transfer energy from the reactor to steam turbines. Such ex-
changers typically have 10,000 to 20,000 stainless steel tubes that conduct the
flow of steam. Due to stress and corrosion, the tubes develop cracks over time.
Cracks are detected during planned inspections. The cracked tubes are subse-
quently plugged to remove them from service. To develop efficient inspection and
plugging strategies, plant management can use a prediction of the added number
of tubes that will need plugging by a specified future time.

Nelson presents simple prediction limits for the number of failures that will be
observed in a future inspection of a sample of units. The past data consist of
the cumulative number of failures in a previous inspection of the same sample
of units. Life of such units is modeled with a Weibull distribution with a given
shape parameter value.

Prediction of an unobserved random variable is a fundamental problem in s-
tatistics. Hahn and Nelson [2], Patel [3], and Hahn and Meeker [4] provided
surveys of methods for statistical prediction for a variety of situations on this
topic. In the areas of reliability and life-testing, this problem translates to ob-
taining prediction intervals for lifetime distributions. Nordman and Meeker [5]
compared probability ratio, simplified probability ratio and likelihood ratio meth-
ods proposed by Nelson [1], assuming known the Weibull shape parameter §.

In this paper, we use a frequentist procedure, which is called ‘within-sample
prediction of future order statistics’, when the time-to-failure follows the two-
parameter Weibull distribution indexed by scale and shape parameters 8 and §.
We consider the case when both parameters 5 and § are unknown. The technique
proposed here for constructing prediction limits emphasizes pivotal quantities rel-
evant for obtaining ancillary statistics and represent a special case of the method
of invariant embedding of sample statistics into a performance index applicable
whenever the statistical problem is invariant under a group of transformations,
which acts transitively on the parameter space (Nechval et al. [6-7]).

Conceptually, it is useful to distinguish between “new-sample” prediction,
“within-sample” prediction, and “new-within-sample” prediction. Some math-
ematical preliminaries for the within-sample prediction are given below.

2 Mathematical Preliminaries for Within-Sample Prediction

Theorem 1 Let Xy < ... < X be the first k ordered observations (order statis-
tics) in a sample of size m from a continuous distribution with some probability
density functio fg(x) and distribution function Fy(x), where 0 is a parameter (in
general, vector). Then the joint probability density function of X; < ... < X
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and the lth order statistics X;(1 < k <1 <m) is given by

gg(l’l, ey wk,xl) = gg(ml, e ,mk)gg(xl]xk), (1)
where
m!
go(z1,...,xx) = mﬂfﬂfe(iﬂi)[l — Fy(z)]™ 7, (2)
go(w1|xk)
_ (m — k)! Fo(x) — Fy(zy) k-1 _ Fo(z1) — Fo(wk) g fo(21)
(I—=k=Dlm—-0D" 1-— Fy(zx) 1 — Fy(xy) 1 — Fp(zy)
B (m — k)! e 1= Fp(@1) iy Jolx)  (3)
C(—-k-1Y z:: < >( 1y [1—F9(xk)] " 1 — Fy(xy)
_ (m —k)! CFo(w) — Fo(on) 145 Jo(z1)
R —Z'Z< j ) VT Ry T Ryl

represents the conditional probability density function of X; given X = xk.

Proof.The joint density of X1 < ... < X and X is given by

go(T1, .- Tp, ) = T—F _(?)),!(m i H Fomi)[Fo (1) — Fo(an)] ™ fol)
[1— Fy(x)]™ " = go(1, ..., 1) g0 (z1] k). (4)
It follows from (4) that
e, = P B g ), )

i.e., the conditional distribution of X; 1, given X; = x; for alli =1,...,k , is the
same as the conditional distribution of X; , given only X = x,which is given by
(3). This ends the proof.

Corollary 1.1.The conditional probability distribution function of X; given
X k= Tk is

Py(X) < x| Xy = ap)
I—k—1 v Y
=1— (m — k)t il Ez: < -1 ) (—1) [1 Fy( l)} I+1+

(I—k—1) = m—10+1+j511— Fy(zk) (6)
_ (m —k)! o m- (=1)  Fp(w1) — Fp(wy)qi—H+i
_(l—k—l ' ( >l—k‘+j[ 1—F9($k) ] '

Jj=0
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Corollary 1.2. Let X; < ... < X} be the first k£ order statistics in a sample of
size m from the two-parameter Weibull distribution with the probability density
function

_é Lys—1 TNs -
fe(l’)—ﬁ(ﬁ) B)]( > 0), (7)

where § = (8,0),8 > 0 and o > 0 are the scale and shape parameters, respective-
ly. Then the conditional probability distribution function of X; given X = x
is

exp[—(

PlXi <aw|Xp=ap}=1— (m — k) 121 f=k=1
o\AL S T X = Ty = (k- Dm0 2

(8)

—1)J O _ 20\ qm—l+1+j
Tn_(l—i_)l—i_j[e p(_ z Béfl'k)] + +].

Theorem 2 If in (8) the scale parameter is unknown, then the predictive prob-
ability distribution function of X; based on (xy,0) is given by

e 21\ 0 m)! — k-
Pé{(x,i> —(a:;i>}:1_(l—k—1)!(m—l)!x<l J 1>

4 9)
m_(l__il_)i_i_j(ﬂf;é[(;?;)d_1)(m—l+1+j)+(m—k+1+5)]>
Proof.We reduce (8) to
X XiN0 s Xp\¢ X\ 0

MG < G5 - (59
_ (m—k)! PEL k-1 (—1)J
=1- (=k=Dim -0 = ( J ) m—1l+1+j (10)

[exp(_w[yé B 1])}771 I+145

=P5{V? <V |W = w},

where V' = X/ X}, is the ancillary statistic whose distribution does not depend
on the parameter 8. Since X}, does not depend on V, W = (X},/3)° is the pivotal
quantity, whose distribution is known and does not depend on the parameters g
and ¢, we eliminate the parameter from the problem as

Py{X, < a1} — AOO Py{X, < 1| Xy, = 21 g0 (1) dy, (11)
where
(00) = B @)1 - Falan)] " folen)an € (0,00), (12)
9o\ Tk _(k‘—l)(m k‘) T — I'p\ Tk o\Lk ), Tk , Q)
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represents the probability density function of the kth order statistic X k. Indeed,
it follows from (12) that

m! x k—1 T m—
ge(xk)dl‘k:(k_l)!(m_k)![l—exp(— (%)6)} exp(— (Fk)é( k))
exp ( - (%)6)‘1(%)6 (13)
m!

=D L ¢ T = g(w)d.
It follows from (10) and (13) that
(VS < 8) = /) Ps{VS < )W = wlg(w)dw
1 (m)! ' t—k-1 (=1 k=1[(,0
TR DD e 1y (s 9
1

—1)(m—l+1+j)+(m—k+1+s)])

Now (9) follows from (14). This ends the proof.

Corollary 2.1.If the parameter § = 1 , i.e. we deal with the exponential distri-
bution, then the predictive probability distribution function of XI based on xj, is
given by

P{(;(;)S(Z)}:l_u—k—ql)'( 2231(1—]—1)

%(Hi é[(;k—1)( —z+1+j)+<m—k+1+3)})_l'

(15)

Theorem 3 Let X1 < ...,< X be the first k ordered observations from a sam-
ple of size m from the two-parameter Weibull distribution (7). Then the joint
probability density function of the pivotal quantities

5 BN\
W = =, W -\ = 5 ].6
2= M=) (16)
conditional on fixed z* = (z,...,2),where Z; = (Xi/g)‘;, 1 = 1,...,kare

ancillary statistics, any & — 2 of which form a functionally independent set,B
and 4 are the estimators of B and d,based on the first k& ordered observations
(X1 < ... < Xj) from a sample of size m from the two-parameter Weibull dis-
tribution (7), such that W5 and W3 are the pivotal quantities (in particular, the
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maximum likelihood estimators of 3 and

~ X . 1/6
5= ([ ol + (m— waf] /1) (")
i=1
and
k S S 1ok -1
= {(;xz lnxi+(m—k)xklnxk)(2x +(m—k) xk) %2:: nxi] (18)
respectively, lead to the pivotal quantities Wy and W3 )is given by
f<w27w3‘z(k)
k
=9°(z 1sz2 ko= 1exp( [2224— ])
= (19)
=19°*(z 2sz2ww2 eXp( [Zz 2+ (m—k)z ])wgngz 1
=1
= f(wa|2®) f <W3|w2,z<’“>>, w3 € (0,00),
where
00 k k —k —1
(%)) = [/ D(k)wh=2 H 22 ( Z z? + (m— k:)z?) dwg] (20)
0 i=1 i=1
is the normalizing constant
k —k
Fwa|z®)) = 19(,27(’7‘7))w§72 H zfQ(Zz;JQ + (m— k:)z,“f) ywo € (0,00), (21)
i=1 i=1
k © T - P
19(7;( )) = [/0 wy ngz(;z;‘a + (m — k)z,‘f) dwg] , (22)
S+ o w]
=1 wa(k—1
f(ws, wa|2™) D) wy2®Y
k
X exp ( ws {(Z 2% 4+ (m — k)Z;:Q])Wng)Q L w3 € (0, 00). (23)
i=1
Proof. The joint density X; < ... < X is given by
ol o) = T 2 oxpl— (B expl—m ~ (2. (24)

B
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Using B and & (the maximum likelihood estimators of 5 and ¢ obtained from solu-
tion of (17) and (18)) and the invariant embedding technique [8-14], we transform
(24) as follows:

. m' k —1ck k 1 _ K Xy (5— _ % ) _~ o~
_<m_k)'1‘[1 ; 5H(B)exp( ;(6) (m k)(B))dﬂdd
k N 5 5
SNNUCINFS § DS VOACEE » NEAUCNEAL L) _(ByS
e T Q) I G xe (< (5)
3" s ) (R (- L
=B BB (25)
! I~ k k wa (r— w - w
_ (mnj k)!ﬁdkizl_[l'r;lwgizi:l_[lzg&wi% (r—1) exp(—wf[iz;ZiQ—l—
(m — k)222] ) d(ws?)dew
m! 5k k -1 k-2 r wo, w2(k—1) w i w
:—mﬁd lzl_[lzrz Ws Z':1_[1zi2w3 exp(—wﬁ[ézﬂ

+ (m — k)ZzJﬂ)Wng}Q_ldWde?,.

Normalizing (25), we obtain (19). This ends the proof.
It will be noted that more general case of distributions indexed by location
and scale parameters has been considered in [15].

Theorem 4 If in (8) both parameters 3 and 0 are unknown, then the predictive
probability distribution function of X; based on (x,0) and conditional on fixed
2®) is given by

B m! ool EN k-1 (—1)
_1_(l—k—1)!(m—l)!></) ;( j >m—l+1+j (26)

(lﬁl [(([ﬂ]s)” — 1) m =l 145)+ (m—k+1+ s)le(wz\z(k))dw?_
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Proof. We reduce (9) to

Xp\8(8) _  an6(2) m! ey R T |
A" <G =1 e o (5

7=0

(T = )om =414+ ks 49])

m—1+1+7\ 5\ oy
B m! R R S | (—1) (27)
_1_(1k1)!(mz)!xj§< j >ml+1+j
k—1 _
(TL 08 -~ Dm—14145) + m—k+1+5)])
s=0

where V5 = (X;/X})? is the ancillary statistic whose distribution does not depend
on the parameters § and d. Since the pivotal quantity Ws, whose distribution is
given by (21), does not depend on V3, it follows from (21) and (27) that

P{Vs < 1y} = /Ooo P{Vy" <52} f(wale™) duws, (28)

where the unknown parameters § and ¢ are eliminated from the problem. Now
(26) follows from (28). This ends the proof.

3 Prediction Limits for a Future Number of Failures

Consider the situation in which m units start service at time 0 and are observed
until a time ¢, when the available Weibull failure data are to be analyzed. Failure
times are recorded for the & units that fail in the interval [0,¢.]. Then the data
consist of the k smallest-order statistics X7 < ... < X} < t. and the information
that the other m?k units will have failed after ¢..With time (or Type I) censored
data, t. is prescribed and k is random. With failure (or Type II) censored data,
k is prescribed and t. = X} is random.

The problem of interest is to use the information obtained up to t. to construct
the Weibull within-sample prediction limits (lower and upper) for the number of
units that will fail in the time interval [t t,].For example, this ¢, could be the
end of a warranty period.

Consider the situation when t. = Xj;. Under conditions of Theorem 4, the
lower prediction limit for the number of units that will fail in the time interval
[te,t,] is given by

Llower - lmaa: - k7 (29)
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where

lnaz = krillz?:narg P<{Xl > tw|zk} < a) (30)

The upper prediction limit for the number of units that will fail in the time
interval [t.,t,] is given by

Lupper = lmzn —k— 17 (31)

where
i k
lnin = klglgnmarg P({Xl > tu|z } >1- a) (32)

In the above case, where both parameters 5 and 0 are unknown, the prediction
limits (lower and upper) for the number of units that will fail in the time interval
[te, tw] are based on (xg, (5A) and conditional on fixed 2(¥).  If [, which satisfies
(30), does not exist then 4, = k and the lower prediction limit for the number
of units that will fail in the time interval [t.,¢,] is given by

Llower = lmax —k=0. (33)

If [, which satisfies (32), does not exist then l,,,;, = m+ 1 and upper prediction
limit for the number of units that will fail in the time interval [t., t,] is given by

Lupper =lpin —k—1=m — k> (34)

4 Second Version of Prediction Limits for a Future Number of Failures

In this section, we wish to show how to obtain the second version of prediction
limits for a future number of failures. The methodology is based on the following
results.

Theorem 5 Let X1 < ... < X} be the first k ordered observations from a sam-
ple of size m from the two-parameter Weibull distribution (7). Then the joint
probability density function of the pivotal quantities

(35)

=

Il
—~

™)

N
L™
b

|

conditional on fived 2F) = (z;,...,2,), where Z; = (X,-/B)‘;,i =1,....k are
ancillary statistics, any k — 2 of which form a functionally independent set,B and
5 are, for instance, the maximum likelihood estimators for 5 and § based on the
first k ordered observations (X1 < ... < Xi) from a sample of size m from the
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k
aly o m = W)

exp(—
=1

two-parameter Weibull distribution (7), which can be found from solution of (17)
w1 € (0,00),ws € (0,00)

and (18), is given by
-2 H 221

) =

Flwr, wa|z®
Flwalz®) f (wl\w27 ),
(37)

k
(Zz;&—i-(m—k)zk ) dwg]

where
o k
19'(z(k)) = [/ F(k)w§_2 H 2
0 i=1 i=1
) is given by (21),
k

o exp (—wa[ 3 " (38)

=1

is the normalizing constant, f(wa|z
k
24 (m—k)z ]

k
o) L ZL o(H)
+ (m — k)z,‘f)])wl € (0,00)
Proof. The joint density of X; < < X}, is given by
k
5 z 7
fotare-va) = 7o I 55" exnl =) expl(—(m = b)(Z)°)- (39
Using the invariant embedding technique [8-14], we transform (39)
fg(xl,.. xk)dBdS
_ i\0 -~
.H 15’“1_[( ) exp (— Z;(:;) — (m—k)(=£)")dBdd
A A ~
L ~L —1 0\ k- Zi\8(2) é §(k—1) B @ §
T I <o (- ()
S YOy
=5 5 BB 52
k k
w§ Qfolzwilf lexp(—wl{Zzg‘jQ—F
‘ i=1

Normalizing (40), we obtain (36). This ends the proof

Corollary 5.1. If the parameter 0 is known then
Wi~ flw) = ﬁl{)wf?l exp(—wi k), wy € (0,00)

(41)
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Theorem 6 Ifin (8) the scale parameter (3 isAunknown, then the predictive prob-
ability distribution function of X; based on (B,0) and conditional on fized xy, is
given by

P5{Xl§xl|Xk:£Ek}:1— (m k? Xk: <l_ _1>

(l—k=Dm=1) <=

| SO
(—1)7 x) — Tk
_Hlﬂ[l (m—1+1+j) 5 ]

Proof.We reduce (8) to

Pp{X) < x| X}, = w1}

(—k— Dl(m—1)!

(m — k)! R I (—1)7 g 28— 0\ m—lt14
T DD & () )W[GXP(—M”@%’“)]

m —k)! iy —k— —1)J 20— 0\ ym—l14j
—1— ( ) Z <l l; 1>m_(l+)1+j[eXp(_wl 135 k)} i

Now, we eliminate the unknown parameter S from the problem and find (42) as
o
Ps{X, < a| Xy, = ) = /) Po{X, < @il Xy = o) f(wn)dwr.  (44)

This ends the proof.

Corollary 6.1.If the parameter 6 = 1, i.e. we deal with the exponential dis-
tribution, then the predictive probability distribution function of X; based on 3
and conditional on fixed xk is given by xj

1 Ay R S | (=1)d
P{X; < x| Xp =2} = 1— : _ =D
X s @l Xy = i B(l—k,m—1+1) Z:: < J >m—l+1+j
N
[1+(m—l+1+g)7A] , (45)
where
k
= Z x; + (m — k)xy,. (46)
i=1

Theorem 7 If in (8) both parameters B and § are unknown, then the predictive
probability distribution function of Xl based on (wideparenf3,wideparend) and
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conditional on fized x, and z*) is given by

—k)! ey Py T |
Po{X) < | Xy = ;2 W} =1 — m / :
01X < m Xy = @i 27} u—k—nmn—mx 0 ;% J

—1)/ wo
Tl () 6

1k
zl‘"z) ] X f(wa)2™)dws.

Proof. We reduce (8) to

Po{X; < x| X},

(m — k)! : I—k—1
1_G—k—DKm—U!FO< j )

e (-2 - (2"))

B
(m—k)! S 1-k-1 (-1)7
S (l—k=D!(m—=1)! ( >

o (-l - ()

Now, we eliminate the unknown parameters § and § from the problem and find

(47) as

=} =

Pp{X; < x| X = ap; 2}
:A [) PQ{XZ S $l|XI<: = .Tk}f(Wl,WQ‘Z(k)>dW1dWQ (49)

This ends the proof.
Under conditions of Theorem 7, the lower prediction limit for the number of
units that will fail in the time interval [t.,t,] is given by

Llower = lmaz - ka (50)

where
lmaz = max arg (P{X1 > tu] Xi = 24529} < ), (51)
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The upper prediction limit for the number of units that will fail in the time
interval [t.,1,] is given by

Lupper = lmm —k— 17 (52)
R — — - (R _
bnin = min_arg (P{X1 > tul Xp = 25520} > 1 ), (53)

In the above case, when both parameters 5 and ¢ are unknown, the prediction
limits (lower and upper) for the number of units that will fail in the time interval
[te, t,] are based on (B , 5) and conditional on fixed zj,z*).

If I, which satisfies (51), does not exist then /4, = k and the lower prediction
limit for the number of units that will fail in the time interval [t.,t,] is given by
Liower = 0. If 1, which satisfies (53), does not exist then l,,;, = m + 1 and upper
prediction limit for the number of units that will fail in the time interval [t, ]
is given by Lypper = m — k.

5 Numerical Example

For the sake of simplicity, but without loss of generality, we consider (for illus-
tration) the special case of Theorem 2 where m = 40 items simultaneously tested
have life times, which follow the Weibull distribution with § = 1. In other words,
we deal with the exponential distribution. Two items have failed by the inspec-
tion at times, X; = 45 and X2 = 100 hours. Let us assume that the situation
takes place when t, = X = 100 hours, where k = 2. Suppose, say, t, = 450
hours. Taking into account (15), we find the lower prediction limit for the number
of units that will fail in the time interval [t.,t,] as

Llower = lmax —k=3-2= 17 (54)

lmaz = Joax arg (P{Xl >t} < a) =3, a=0.05 (55)

m! !

T -k (—1)7
(I—k—1)(m—=1)! ;( J )m—l—i—l—i—j

k—1 ¢ —1
(H [(W—1)(m—l+1+j)+(m—k+1+s)]) ,

s=0 Tk

P{Xl > tw} =
(56)

The upper prediction limit for the number of units that will fail in the time
interval [t.,1,] is given by

Lupper:lmin_k_1:17_2_1:14, (57)

R _ e (B ) =
bnin = 10in_ arg (P{X, > 1| X = 25 20} > 1 a) =17. (58)
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It will be noted that when both parameters S and § are unknown, the lower
and upper prediction limits for the number of units that will fail in the time inter-

val [tc, ] can be found either from (29) and (31), which are based on (zy, ),or
from (50) and (52), which are based on (/3,0).

Conclusion and Future Work

The methodology described here can be extended in several different directions
to handle various problems that arise in practice.

We have illustrated the prediction method for log-location-scale distributions
(such as the Weibull or exponential distributions). Application to other distribu-
tions could follow directly.
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