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Abstract: The paper considers a periodic differential inclusion with an asymptotically stable set.
The uniform character of convergence of solutions to an asymptotically stable set is established.
An exponential estimate is obtained for solutions of a periodic differential inclusion
homogeneous in state vector. Examples of control systems leading to consideration of periodic
differential inclusions are given. These results can find applications in the stability analysis of
control systems with periodic parameters, in particular, servomechanisms whose elements operate
on AC, control systems with pulse amplitude modulation, and systems used to solve problems
related to investigating vibrations of milling machines.
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1. INTRODUCTION

Studying control systems has led to the use of differential inclusions theory. Consider a
control system
X = f(t,x,u), (1.1)

where xeR", x=dx/dt is the velocity vector, t is time, and u=u(t) is the control on

which the next constraint is imposed
u(t) eU, (1.2)

U is an arbitrary set, U < R".
Under fairly general assumptions control system (1.1) with constraint (1.2) is equivalent to
the differential inclusion

x e F(t,x), (1.3)

where F(t,x) denotes a multivalued mapping, i.e., a function that assigns a set F(t,x) < R"

to each time t and each point x € R" in the state space. Differential inclusion (1.3) can be
adopted not only for a control system with given control constraints but also for other
objects. For example, such objects include systems of differential inequalities, implicit
differential equations, control systems with state-space constraints, systems with variable
structure and with sliding modes, and differential equations with discontinuous right-hand
sides.

Theory of differential inclusions is well developed and presented in systematic form in
[1,4,17]. The use of differential inclusions in control systems theory is covered in the
monograph [6]. The examples leading to differential inclusions are given below in Section 4.

In some cases, e.g., such as the problem of absolute stability, the study of linear
nonstationary systems, the matrix of the right-hand side of which satisfies interval
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constraints, and the stability analysis of control systems that contain elements with
incomplete information linear-selectionable differential inclusions can be used. A linear-
selectionable inclusion is an inclusion of the form

xeF(t,x), Ft,x)={y:y=A{t)x Al)e¥(t)} (1.4)

where X,y € R"and P(t) is a set in the space of nxn matrices. An inclusion of the form
(1.4) is called a linear-selectionable inclusion, because the multivalued mapping F(t,x) in
(1.4) is the union of linear single-valued mappings (selectors) A(t)x, A(t) e ¥(t). In the

case of a time-invariant linear-selectionable inclusion, the right-hand side F of this inclusion
— the matrix A and the set ¥ — are time-invariant. A linear-selectionable inclusion is said to
be asymptotically stable if its trivial solution x =0 is asymptotically stable.

Time-invariant linear-selectionable inclusions are studied in a number of publications.
For time-invariant linear-selectionable inclusions for which the set ¥ is a compact or convex
polyhedron, necessary and sufficient conditions of the zero solution asymptotic stability were
obtained in [12,13] on the base of Lyapunov functions method. The papers [7,12,13] give
various algebraic criteria for the asymptotic stability of time-invariant linear-selectionable
inclusions.

The publications on time-periodic (in short, periodic) differential inclusions (e.g.,
[2,8,9]) were mostly devoted to the existence of periodic solutions. Few investigations were
focused on the analysis of solutions of periodic differential inclusions and their properties.
For example, the weak asymptotical and weak exponential stability of an equilibrium of a
periodic differential inclusion were studied in [5,18]. In accordance with the definitions
introduced therein, an equilibrium of a given periodic differential inclusion is weakly
asymptotically (weakly exponentially) stable if there exists at least a single solution
satisfying the standard definitions conditions of the asymptotical (exponential) stability for
a differential inclusion equilibrium. The method consists in the design of a first-
approximation inclusion and further analysis of the properties of its solutions. In addition, the
theorems of the weak asymptotical (weak exponential) stability of an equilibrium of an
original inclusion using the corresponding properties of an equilibrium of its first
approximation-inclusion were established. It was demonstrated that the proposed method can
be used to study the weak asymptotical (weak exponential) stability of the inclusions
equivalent to control systems.

The problems of absolute and robust stability of control systems with periodic variable
parameters were solved in [10,11,14,15]. In particular, control systems with periodic
parameters under consideration were proved to be equivalent to a periodic differential
inclusion in the sense of the coincidence of the sets of absolutely continuous solutions. As
was demonstrated in [16], in some cases solutions of periodic differential inclusions with the
asymptotically stable trivial solution have the same properties as solutions of autonomous
differential inclusions.

This paper continues the research of [16]. It considers periodic differential inclusions
with an asymptotically stable set. The remainder of this paper is structured as follows. In
Section 1 we consider periodic differential inclusion of general form and give preliminary
remarks. The definition of an asymptotically stable set is also given. In Section 2 the uniform
character of convergence of solutions to an asymptotically stable set is established. For
solutions of periodic differential inclusion that is homogeneous in state vector we derive an
exponential estimate. In Section 4 examples of control systems leading to the periodic
differential inclusions are given. In the final section we offer concluding remarks.

2. STATEMENT OF THE PROBLEM

Consider the dynamic systems described by periodic differential inclusion
Copyright ©2021 ASSA. Adv. in Systems Science and Appl. (2021)
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xeF(t,x), F({,x)=F({t+T,x), t=0, xeR", T=const, T>0. (2.1)
Everywhere below we assume that in some domain
G={0<t<T, xeGg, Gy ={X,:|%[<R}} the multivalued function F(t,x) satisfies the
main conditions [4, p. 60]; i.e., for all (t,x) € G the set F(t,x) = R" is nonempty, bounded,
closed, and convex, and the function F(t,x) is upper semicontinuous [4, p. 52] with respect
to (t, x).
A solution of inclusion (2.1) is understood as an absolutely continuous vector function
X(t) defined on an open or closed interval 1 and satisfying (2.1) almost everywhere on 1 .

By virtue of periodicity of the multivalued function F(t,x) in t, when studying the
properties of solutions x(t,t,, X,) of inclusion (2.1), we can assume without loss of generality
that t, €[0,T].

By the definition of solutions and the periodicity of the right-hand side of (2.1) in t the
solutions of this inclusion have two properties as follows. If a function x(t) is a solution of

inclusion (2.1) (for ¢ <t < ), then

1) the function x(t+KkT), where ¢ —kT <t< f—kT and k denotes any integer, is also a
solution of inclusion (2.1); moreover, the solutions x(t) and x(t+KkT) have the same
trajectory;

2) for any t, €[0,T], t, and t such that t, <t <t, the equality x(t,t,,x(t,)) = X(t,t,,X%,)

holds, where x(t,) = x(t,,t,, X,) .
Let acR", beR" be points (vectors) with coordinates a and b, respectively, i=1n,

and also let B < R" be a set. The distance p between two points or between a point and a set
is interpreted as the nonnegative values

12
p(a,b) :”a_b”:[izn:‘(a‘ —bi)ZJ . p(a,B)=inf(ab).
As is well-known, the function p(x,B) is uniformly continuous and for any points x € R"
and y e R"
|p(x,B) - p(y, B) < p(x,y).
A closed ¢ -neighborhood M* of aset M* is a set of such points x that p(x,M)<¢. Let
M®cG, g >0.

Definition 2.1: A set M is asymptotically stable for inclusion (2.1) if for any &> 0 there
exists a value &(g)>0 such that, for each X, satisfying the inequality o(X,,M)<d(¢),
there exists a solution with the initial condition x(t,) =X, and all solutions with the above-
mentioned property are extendable on the interval t, <t <o and also satisfy the conditions

p(x(t),M)<¢g fort,<t<owand p(x(t),M)—>0 ast— .
The problem is to study solutions of inclusion (2.1) with an asymptotically stable set M.

3. RESULTS

Theorem 3.1: If inclusion (2.1) has an asymptotically stable set M, then there exists a
value &, >0 such that all solutions x(t,t,, x,) of inclusion (2.1) satisfy the condition

Copyright ©2021 ASSA. Adv. in Systems Science and Appl. (2021)
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p(X(t),M)—>0 as t > (3.1)
uniformly with respect to (t,,X,) for any t, €[0,T] and x, € M.

Proof. First, let us show that there exists a value &, >0 such that all solutions of inclusion
(2.1) with initial condition X(t,) = X,, X, € M®, satisfy condition (3.1) uniformly with
respect to x, for any given t, [0, T].

Suppose the contrary. Then for any 6 >0, there exists 7(5) >0, t, €[0,T], a sequence of
solutions X, (t) of inclusion (2.1), a numerical sequence t, >t,+KkT , and a sequence of
vectors ¢, k=12,..., such that x{ € M°and

p(X (5, %), M) >7(8) >0, k=12,..., ast, — .

Since the set M is asymptotically stable, it follows that for any ¢ >0 we can choose a

value s small enough to ensure that all solutions with x(t,) € M ° satisfy the relations

XL, X)) M) <e (t, <t<w®), p(X(t),M)—0 (t—> o). (3.2)

Consequently, there exists a number x>0 such that all solutions of inclusion (2.1) with
X(t,) € M# satisfy the inequality
P(X(t, X)), M) <7(8)  (t, <t <). (3.3)

Let us show that all x, (t,t,,x¢) satisfy the inequalities
X e M, u< p(x (t, +mT,t;,x),M)<e, m=1k, k=1.2,.. (3.4)
Indeed, otherwise there would exist kK and m(IZ) (1< m(lz) < IZ) such that
PX- (t, +MOT b, X, M) < or, X5 eM?.
Then the solution
2(t) = 2(t,ty, X; (t + MK)T b, X5)) = X (t + KTt + MK )T, X (t, +m(K)T 5, %5)) =
= X-(t+ mK)T,t,, x)  (t, <t <o)
of inclusion (2.1) would satisfy the relations

P(2(t). M) = p(x; (t +m(K)T 1, X§), M) < 4
p(2(t: —mK)T, ty, X (& +M(K)T 5, X5)), M) = p(x: (t; .1, XE), M) > 77(e),

which contradict (3.3).

The sequence of segments of solutions X, (t) contains a subsequence uniformly
convergent for t, <t <t ; in turn, the subsequence contains a new subsequence uniformly
convergent for t, <t<t,, and so on. Since  F(t,x) satisfies the basic assumptions, it
follows that the limit function x(t) is a solution of inclusion (2.1) [4, p. 60], which, together
with (3.4), implies that x(t,) e M°and u < p(X(t, +KT,t,, x(t,)),M) <&, k=12,..., and we

have arrived at a contradiction with (3.2). Therefore, the assertion started at the beginning of
the proof of the theorem is valid.

Copyright ©2021 ASSA. Adv. in Systems Science and Appl. (2021)
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Let us now prove the assertion of Theorem 2.1. Suppose that is fails. Then for any 6 >0,
there exist a number n(5) >0, a sequence X, (t) of solutions of inclusion (2.1), a sequence
of numbers t} (t5 €[0,T] and t, >tf +KT ), and a sequence of vectors x{, k =1.2,..., such
that
X €M%, p(X (t,t&, %), M)>n(5) >0, k=12,..; t, —> oo (3.5)
Without loss of generality, we can assume that o < J,, where &, is a number for which the
above-proved assertion holds. Since xg eM?, tg €[0,T], k=12,..., it follows that the
sequence k =1,2,... contains a subsequence {k’} (k' — o), such that the limits lim x¥ = x/

k'—a0

(X, eM?) and l!jmtg' =t (t, [0,T]) simultaneously exist. To simplify the notation, we

assume that t¢ =t¥, x¢ =x¥ k'=k=1,2,..., and

Lim X¢ = X, Limtg =t,. (3.6)
Let &, — p(X,,M) = £ >0. By (3.6), there exist a K, such that
p(Xg,Xe) < B12 (37)

forall k> K,

Since all solutions of inclusion (2.1) are equicontinuous [2, p. 61] in any closed bounded
domain lying in G, it follows that they are equicontinuous in the domain

{xeM® te[0,T]}as well. Therefore, for the point t,, there exist a neighbourhood
S,(t) ={t:[t—to|<r/2, te[0,T]}, S,(t)=[ab] (a=t, if t,=0 and b=t; if t,=T),
such that

p(x(b, 1, x(4)), x(%,)) < /2. (3.8)

for all solutions x(t,1,,x(t,)) of inclusion (2.1) with t, e[a,b] and x(t,) e M°.

Then, taking into account relations (3.7), (3.8) and uniform continuity of the function
o(X) = p(X,M) we obtain two relations

P, M) = p(%, M) <[p(x§, M) - p(Xo, M)| < p(X§,%,) < B2,
P (B,15, X5), M) = p(x§, M) <[ p(x, (b, 15, X§), M) - p(x§, M)| < p(x, (b,t5, X5, X§) < B12

for all solutions X, (t) with k > K.

Adding the last two inequalities, we obtain
P(Xk(b,tg,xg),l\/')<ﬂ+,0(xo,M)=5o, k=K.

This, together with (3.5) and (3.6), means that there exist a K, such that the relations
ty <b<T, p(x(b,ts, %), M) <38, p(x (L.t %), M) >7() (3.9)

are simultaneously valid for all k > K,.

Taking into account relations (3.9), from the sequence of solutions X, (t) of inclusion
(2.1) satisfying inequalities (3.5) for k> K, , we pass to the sequence of solutions
y, (t) = x (t,t5,x¥) defined by the relations

yk(b):yg:Xk(b)’ p(yg’M)<5o’ P(yk(tk,b,yg)'M)N?((s), t, > . (3.10)

Copyright ©2021 ASSA. Adv. in Systems Science and Appl. (2021)
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The existence of a sequence y, (t), k =K,, K, +1, K, +2,... (b<t<ow, 0<b<T), satisfying
conditions (3.10) contradicts the already known fact that relation (3.1) is valid uniformly
with respect to x, (for x, € M*and t, €[0,T]) for all solutions of inclusion (2.1). The proof
of Theorem 3.1 is complete. [

In what follows, we consider differential inclusions homogeneous with respect to x € R".

If Bisasetin R"and c is a number, then cB stands for a set of points of the form cx for all
X € B.
Definition 3.2: A multivalued function F(t,x) is homogeneous (of degree one) in x if

F(t,cx) = cF(t,x) forall ¢c>0.
Definition 3.3: A differential inclusion
X e F(t, x) (F(t,cx) =cF(t,x), ¢>0) (3.11)
is homogeneous in x.

Homogeneous differential inclusion (3.11) is preserved under the substitution x =cx, with
arbitrary ¢ > 0. It means that if a function x = ¢(t) is a solution of inclusion (3.11), then the
function x = ce(t) with arbitrary ¢ > 0 is also a solution.

Let us consider the differential inclusion

xeF(t,x), (>0, xeR"), F@tx)=F(t+T,x), (T=const, T>0),

F(t,cx) =cF(t,x) (c>0), (3.12)

periodic in t and homogeneous in x. Since inclusion (3.12) is homogeneous in x, we have

the following assertion.
Corollary 3.1: If a bounded set M is asymptotically stable for inclusion (3.12), then all

solutions X(t,t,, X(t,)) of inclusion (3.12) with the initial conditions t, €[0,T] and x, € G,
(whereR is an arbitrary positive number) satisfy condition (3.1) uniformly with respect to
(to, X,)-

For solutions of periodic homogeneous differential inclusion (3.12) with an asymptotically
stable set M an exponential estimate is valid.

Theorem 3.2: If a bounded set M is asymptotically stable for inclusion (3.12), then there
exist numbers ¢, >0, ¢, >0 such that any solution X(t,t,, X,) of inclusion (3.12) satisfies

the estimate
P(X(t,tg, Xo), M) < G [%oexp(=cit)  (t, <t <0). (3.13)
forany t; and t=t,.
Proof. By virtue of corollary 3.1, for some & >0, there exists a r >0 (independent of
(t,,%,) ) such that r=kT (k is some positive integer) and p(X(t,t,,X,),M)<65/2,
T+t, <t<oo, for all solutions X(t,t,,X,) with the initial condition |x||<&. By virtue of

Theorem 3 in [4, p. 62] the set of solutions of inclusion (3.12) is compact on the closed
interval [t,,t,+7] in the metric of Clt,,t;+7] , whence it follows that

p(x(t,t,,%,),M)<c,0 (c,>0) fort, <t<t;+r.
If x(t,t;,X,) is a solution with an arbitrary X, #0 and ¢c=5/|x,|, then the function
y(t.ty, ¥o) = cx(t,ty, %) is also a solution and |y,|=¢5, whence it follows that
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oYt ¥, M)<S6/2  (r+t,<t<w) and p(y(t,t,Y,),M)<c,6  (t, St<ty+7).
Returning from y(t,t,,y,) to X(t,t,, X,), we obtain
PIX(t, X ), M) <G| (tp St<ty+7),  p(X(tty, %), M)<[Xo[[/2 (7 +1, <t <)

(3.14)
forany t, and X,.

Since after replacement of t by t+kT (k is an arbitrary integer), a solution of inclusion
(3.12) remains a solution, it follows from (3.14) that a solution X(t,t,, X,) with an arbitrary

X, satisfies the relations

PX(t,ty, %), M) < 27 x| (t; <t <), (3.15)
where t, =t, +i7, i=12,...
For any t>t,, we choose an i suchthat t, <t<t,. Then t<t,+iz and i>(t—t,)/z.
Therefore, the inequality

27 =exp(-iIn2) <exp(-=In2(t—t,)/ 7) = exp(t, In2/ ) exp(-tIn 2/ )

is fulfilled. The Ilast inequality, together with (3.15), implies (3.13) with
C, =exp(t,In2/7)and ¢, =In2/z. The proof of Theorem 3.2 is complete. [

4. EXAPMLES
Example 4.1:
In the paper [13] the nonlinear control system is considered
%= Ax+ > blp (o,.1), o= 0=¢c% ¢01)=0, j=im (1)
i=1 i=1

where X =(X;)i;,X € R" is n-dimensional vector, characterizing the deviation of the
system from the mode prescribed by control objective (the zero solution x(t) =0 of system
(4.1) corresponds to this mode), A is a constant square matrix of order n, and b’ and

¢ (j :1,_m) are constant n-dimensional vectors. The brackets (.. denote the scalar product.
It is also assumed that nonlinear functions ¢;(c;,t), jzl,_m, that define the characteristics of

nonlinear elements, satisfy conditions for the existence of an absolutely continuous solution
of system (4.1) for any initial conditions and inequalities

k1j0'j2 <g(o;t)o; < ijO'j2 (—oo< kjj <k, <+, ] :1,_m)

for all o; and t>0. System (4.1) is equivalent, see the paper [13], to time-invariant

linear-selectionable inclusion (1.4), where ¥ is a compact set in the n’-dimensional matrix
space. Here and in the following examples, equivalence is understood in the sense of
solutions sets identity for the system under consideration and the corresponding inclusion
under the same initial conditions.

Example 4.2:
In the paper [10] the linear nonstationary control systems

K=Y ADADX AD20, D A0=1 (42)
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are considered, where x=(x)", €R" is n -dimensional state vector of the system,
A ()= (a!}(t)):j:1 are given continuous periodic matrices of the period T >0,

AE+T)=A(), k= 1,m, and 2.(t) (k=1,m) are bounded measurable functions.
System (4.2) is equivalent to the periodic differential inclusion

X e F(t,x), Ft,x)=F({t+T,Xx),
FL) =iy =Y AOAD, 4020 3401 @3)
Example 4.3: In the paper [14] the linear nonstationary control system
Xx=A{t)x, xeR" (4.4)

is considered, where A (t) = (a; (t));',_, is an arbitrary matrix (&;(t), i, j =1,n, are measurable
functions, generally speaking, not periodic). System (4.4) almost everywhere satisfies the
inequalities

AO<AD<A®D, A®M)=@;®)nu A =@M (4.5)
on any finite interval of the semi-axis [0,0). Matrix inequalities (4.5) are understood
elementwise, that is a,(t) <a, (t) <ay(t), i,j=1n, , where a;(t), a;(t), ay(t), i,j=1n, are
arbitrary measurable functions. It is assumed that the given bounded "extreme™ matrices

A(t) and A(t) are periodic with a period T >0, i.e. conditions are valid

At+T)=A@1), A+T)=A().
Thus, by virtue of (4.5), not one fixed system (4.4) is considered, but a set of linear
nonstationary systems (4.4) with periodic interval constraints (4.5).

A series of examples leading to systems (4.2) and (4.4) with constraints (4.5) were
considered in [19]. Among such systems, note tracking systems with AC elements, control
systems with pulse amplitude modulation and also the systems arising in the vibration
analysis of milling machines.

If the condition A(t+T)= A(t) is additionally satisfied, the set of linear nonstationary

systems (4.4) with periodic interval constraints (4.5) is equivalent to the linear-selectionable
periodic inclusion
xeF(t,x), Ftx)={y:y=A@t)x, Alt)eQ(t)},

Q(t):{A(t): A(t)=ﬂl(t)A(t)+lz(t)Z(t)}, Q(t+T)=Q(t), where arbitrary bounded and

2
measurable functions 4, (t), k=12 satisfy the conditions A(t)=0, Z/ik(t):l,
k=1

A, E+T)=A (), t>t,.

5. CONCLUSION

The paper considers solutions of periodic differential inclusions with asymptotically stable
sets. Theorem 3.1 establishes the uniform character of convergence to an asymptotically
stable set. Homogeneous in state vector periodic differential inclusions are also considered.
Corollary 3.1 is obtained for such inclusions. Theorem 3.2 gives the exponential estimate for
solutions. Theorem 3.1 is a generalization of lemma 2, proved for autonomous differential
inclusions [3]. Theorem 3.2 generalizes the estimate well known for solutions of an
autonomous homogeneous (first degree) differential inclusion [4]. The examples of control
systems leading to consideration of periodic differential inclusions are given.

The results obtained can find applications in the stability analysis of control systems with
periodic parameters, in particular, servomechanisms whose elements operate on AC, control
Copyright ©2021 ASSA. Adv. in Systems Science and Appl. (2021)
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systems with pulse amplitude modulation, and systems used to solve problems related to
investigating vibrations of milling machines.

Further research into the inclusions considered in the present paper can be related to

producing weak asymptotic and weak exponential stability conditions. In addition, it seems
interesting to distinguish the classes of Lyapunov functions establishing necessary and
sufficient conditions for the asymptotic stability of periodic differential and difference
inclusions.
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