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Abstract: This work focuses on a numerical analysis of fluid-structure thermal coupling in a heating slab. 
The latter consists of a rectangular cross-section duct located in the concrete slab of a discredited habitat. We 
modeled the thermal transfers of fluid flow in the pipe. In fact, the Navier-Stokes equations that govern this 
flow have been solved numerically. These equations were by an implicit method of finite differences. The 
systems of algebraic equations thus obtained were solved by the algorithms of Gauss and Thomas. The equation 
of conduction in the concrete slab was solved using the same methodology as that of flow. In this work, we 
based on an algorithm that interacts non stationary solid medium with a fluid medium consisting of permanent a 
state by ensuring equal flows and temperatures on the common interface between the two mediums at every 
moment. The numerical simulation of heat transfers and the thermal behavior of the heating slab were analyzed 
for various parameters influencing thermal diffusion. The results obtained show that the numerical 
methodology adopted for the control of fluid-structure coupling is acceptable in comparison with the literature.  
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1. INTRODUCTION 

One of the renewable energy sources is solar energy, which is the most used within cities in 
the Mediterranean. Passive solar is a process of generating thermal energy by converting 
solar radiation into heat. Solar energy is the most developed compared to other renewable 
energies [1–3]. However, the behavior of conversion systems for this energy type is highly 
dependent on variations in climatic parameters such as temperature, solar irradiation and 
storage means [4]. 

In the context of thermal coupling, Giles and al. [5] have studied the numerical stability 
and procedures of fluid-structure thermal coupling. The aim of this study is to analysis the 
thermal diffusion phenomenon with a continuity of temperature and a heat quantity at the 
interface. Birken and al. [6] highlighted the importance of fluid-structure, thermal coupling 
in industrial cooling processes for the steel heat treatment [6]. This numerical study is 
devoted to the thermal interaction study between fluid and structure in the heating slab, also 
called conjugated heat transfer. Monge and Birken [7] have considered two areas with jumps 
in the material conductivity coefficient through the connection interface. Heuzé and al. [8] 
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have developed a digital tool to simulate the thermomechanical coupling procedure based on 
a fluid-structure coupling to describe the state of the structure matter throughout. 

Currently, numerical simulation of fluid-structure interaction problems is one of the 
biggest challenges for modern scientific computing. Typical examples are found in 
aeronautics, where air flow around an elastic aircraft or air-sheet oscillations in air flow are 
well presented in the work of Dowell and al. [9]. In addition, this interaction is important in 
the in-Turbomachinery field, where the energy transfer will take place between a rotor and 
air [10]. Furthermore, in the field of biomechanics, the elastic behavior of micro-pump or 
artificial membranes in blood flow is affected by this type of interaction by referring to the 
work of Scotti and al. [11] and then Tezduyar and al. [12]. 

Underfloor heating is a technique that provides good comfort while minimizing energy 
consumption. In this context, the aim of this study is to characterize the variable heat 
exchange between a laminar flow of fluid in forced convection and a concrete slab of 
considerable thickness, the top of which is subjected to a constant ambient temperature of 
28°C. 

The modelling is based on the thermal balance calculation at the level for system 
elements: fluid-structure. Model validation was performed using the results obtained by 
Andreo and al [13]. The latter used the same heating system with a heat supply provided by 
solar energy. The second step in this work is to test the parameters influencing the heat 
transfer within the heating slab, analysing the system thermal behavior. 

As part of this work, we propose to exploit this energy potential in the habitat through the 
use of a closed-circuit heating floor. Studies on floor heating technology are numerous in the 
North African region. We are interested in the case of a solar heating system for a single-
zone space in a dry climate similar to that studied by Mokhtari and al [14]. The system is 
equipped with a concrete slab to store and produce heat from the floor within a habitable 
envelope. The principle of operation is to circulate directly into the concrete slab a fluid 
heated by solar collectors [15]. In fact, this slab will have the diffuser role of a soft and 
homogeneous heat throughout the house. 

2. PHYSICAL DESCRIPTION OF THE SLAB STUDIED 

The element of the numerical modelling is a hydronic heating floor which consists of three 
layers with a coil tube (Figure 1). The insulation material is a plate of expanded polystyrene, 
which is the most used in this kind of habitable constructions. The insulation layer height is 5 
cm. Above it, we have a concrete screed 10 cm high, 1m long and 1m wide. In the latter are 
arranged the cross-linked polyethylene tubes [16,17]. They are very often used for the heated 
floors realization. In fact, these semi-rigid pipes are flexible, and they do not need welding to 
be carried out like those of copper. The tubes are arranged in (U) shape with a diameter (d) 
of 20 mm and a 10 cm for spacing [17]. A layer of concrete coating is superimposed on the 
heating grid. 

 
 

Fig.1. Physical description of the slab studied 
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3. MATHEMATICAL FORMULATION 

3.1. Simplifying hypotheses 

A set of assumptions is retained in this study to simplify the mathematical modelling for 
thermal transfer model. These assumptions are derived from the physical properties of fluid 
flow in a horizontal pipe embedded in a concrete slab. 

The main assumptions taken into account in this study are as follows: 
 The fluid is Newtonian, assumed to be viscous and incompressible; 
 The flow is transient with a laminar regime; 
 Viscous dissipation is negligible: the diffusion of purely mechanical energy is 

neglected because the water speed and viscosity are low; 
 Flow has only two velocity components: one longitudinal speed and the other 

transverse; 
 No internal heat sources 0s   ; 

 The physical properties (µ, Cp, ρ, λ) are constant; 
 Low pipe thickness is neglected in numerical calculations; 
 The fluid-structure interface is in thermodynamic equilibrium; 
 The solid medium to be isotropic. 

 

3.2. Fluid flow modelling in the pipe 

We initially opted for a flow study in a rectangular cross-section duct. This involves the 
flow of viscous fluid between two long plates (L), parallel and separated by a small distance 
(d). Both plates are fixed, and the fluid is moved by a pressure gradient (Figure 2). The 
solution governing a flow of Poiseuille for maximum speed (u0) in the pipe medium is as 
follows [18]: 
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Fig.2. Physical description of fluid flow within the pipe 

 
It should be noted that a rigorous treatment of the boundary layer would require the 

complete solution to Navier-Stokes equations. Their complexity prompted Prandtl to 
simplify them to retain only the most important terms. The main idea is to neglect the axial 
gradients (∂/∂x) in front of the transverse gradients (∂/∂y). Thus we obtain the Prandtl 
equations for boundary layer which govern a laminar flow in the heating slab pipe as follows 
[19,20,21]: 
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 Equation of mass conservation 
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 Energy conservation equation 
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3.3. Mathematical model of thermal diffusion 

The floor slab is regarded as a homogeneous solid to which the classical equation of heat 
diffusion is applied [22]. Heat diffusion is defined as a heat transmission mode in a solid 
caused by a temperature difference between two regions of this solid medium [23,24]. The 
numerical modelling is based on the two-dimensional study of heat conduction within the 
heating slab. The equation of thermal conduction is: 
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This equation is discredited by the finite difference method using a three-point forward 
scheme in the contact interface. After the discretization, we get a tridiagonal algebraic 
system, the resolution of which is done by the Thomas algorithm. 

3.4. Initial and boundary conditions 

 At the moment t = 0, the field of calculation under consideration is initialized by: 
0)0(;0)0(;0)0( 
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 The fluid velocity at the channel inlet is given by x = 0 and 0 ≤ y ≤ d; 
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 At the canal outlet we have x = L and 0≤ y ≤ d; 
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 The coupling interface (fluid-structure) is governed by the following expression 
0<x< L and y=d; 
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where
fb

and   are respectively the thermal conductivities of the solid and the fluid. 

 At the ambient air-slab interface we have 0< x < L and y = d; 
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where hc convective coefficient of exchange with ambient air in (W.m-2.k-1), 
b
  is the 

concrete thermal conductivity in (W.m-1.K-1). 
 At the left edge of the slab (adiabatic walls) x = 0 and d ≤ y ≤ d+ep; 
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 At the right border of the slab (adiabatic walls) x = L and d ≤ y ≤ d+ep; 
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 At the bottom surface of the tube (adiabatic walls) Y = 0 and 0 ≤ x ≤ L; 
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4. COUPLING METHODOLOGY 

Steady-state fluid-structure coupling has been treated many times. It involves coupling a 
Navier-Stokes solver to a conduction solver and searching for a stationary state in fluid and 
structure medium. It is to highlight that that this type of problem has already been studied 
digitally by Errera and al. [25]. While using the same tools, the work we present here is of a 
different nature. Indeed, we are interested in the non-stationary coupling and more precisely 
in the detailed description of the thermal exchanges in a concrete slab subjected to 
convective flow due to laminar flow. 

4.1. Fluid-Structure Interface 

Figure 3 shows the interface between two mediums with different thermal conductivities. 
The distance between the node (J) and the neighbouring nodes (J-1 and K+1) is calculated 
according to the space pitch [26,27,28]. 

 
Fig. 3. Spatial discretization at the fluid-structure interface. 

 
A finite difference formulation based on the Galerkin method was used to solve the 

equations that govern the fluid-structure interaction model in the heating slab [29]. In perfect 
contact, let us consider the case where the parietal transfer is entirely convective-conductive 
in nature. Regardless of the mode of convection, the transfer of energy between the surface 
of a solid body at temperature (Tb) and the fluid is done by thermal conduction since the fluid 
velocity is zero at the solid body surface. The density continuity the energy flow at the 
surface thus allows writing [30,31,32]: 
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The discretization of the energy flow, density terms of the lower surface of the solid using 
an implicit method with finite differences to be a three-point forward scheme is given by the 
following expression: 

b

bbb

b

byb

b

b
y

KITKITKIT

y

T












.2

)2,()1,(.4),(.3

0

    (16) 

On the other hand, the density terms discretization for energy flow at in upper surface of 
the fluid using of an implicit method with finite differences with a three-point back pattern is 
given by the following expression: 
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We pose: 
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Or ay  is the relationship between the fluid spatial step and the solid spatial step, a is 

the ratio between the solid thermal conductivity and the fluid thermal conductivity, fT  is the 

fluid temperature and bT  is the solid temperature.  

After an equality and simplification between the two equations (16) and (17), we find the 
expression, of the temperature of fluid-structure coupling for the interface nodes which is 
given as follows: 
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5. DIMENSIONAL VARIABLES OF LOCAL EQUATIONS 

To put back the equations governing the flow of the simpler fluid. A set of reduced 
variables (Table 1) were introduced to produce an exploitable non-dimensional form. 

Table.1. Non-dimensional variables of local equations [33]. 
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d The pipe reference diameter m 
u0 The maximum reference velocity at the pipe entrance m.s-1 

t0  = d/u0 Non-dimensional reference time s 
T0 Reference ambient temperature °C 

ρ.u0
2 The reference pressure Pa 

5.1. Non-dimensional equations 

In order to generalize the results, the equations governing for physical phenomenon are 
written in dimensionless forms based on Table 1. Non-dimensional variables are pipe 
diameter and input sizes (velocity and temperature). In the channel, for a two-dimensional 
case in cartesian coordinates, the equations system of heat and mass transfers by forced 
convection are formulated in the following dimensionless form [20]: 
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 The conservation equation of fluid mass; 
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 The conservation equation of energy in the fluid; 
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 Equation of energy conservation in the solid domain (the slab); 
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Or (ρ.Cp)a  is the ratio between the fluid heat capacity and that of the solid and df : height 
of the rectangular pipe. 

5.2. Initial conditions and non-dimensional limits 

In order to write the conditions at the boundary of two mediums in non-dimensional 
forms, we enter the variables in Table 1 in the equations (6 to 14) and we obtain the 
following expressions: 

5.2.1. Non-dimensional initial conditions 

 At the moment (t*), the domain of computation considered is initialized by; 
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5.2.2. Non-dimensional boundary conditions 

 The fluid velocity at the channel input is given by x* = 0 and 0 ≤ y* ≤ 1; 
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 At the channel output, we have x * = (L / d) and 0 ≤ y* ≤ 1; 
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 At the fluid-structure coupling interface is governed by 0 <x*<(L / d) and y* = 0; 
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 At the top surface of the slab [27], we have 0 <x* < (L/d) and y* = 1 + (ep/d); 
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With:  
(h*

c=hc/h0 ) is the convective exchange coefficient with the ambient air. 
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 At the slab left border (adiabatic walls) x* = 0 and 1 ≤ y ≤ 1+(ep/d); 
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 At the slab right boundary (adiabatic walls) x* = L and 1≤ y ≤ 1+ (ep/d); 
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 At the tube bottom surface (adiabatic walls) Y* = 0 and 0 ≤ x* ≤ L/d; 
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6. FLOW CHART OF FLUID-STRUCTURE THERMAL COUPLING 

The flowchart in Figure 4 shows the procedure for calculating the temperature at the slab 
top surface by following the following steps: 

 Requisitions of the physico-thermal properties for fluid-structure system; 
 Initialization of the system at room temperature (28 °C); 
 Resolution of Navier-Stokes equations in the field of fluid; 
 Solving the of the conduction equation in the slab; 
 Coupling temperature test; 
 Test on the calculation overall time; 
 Recording the results obtained. 

7. DATA FROM THE NUMERICAL SIMULATION 

Table 2 shows the physico-thermal properties of air, concrete and water, which are used in 
numerical simulation. 

Table.2. Physico-thermal properties of the studied domain [14,13,34,35]. 
Physico-thermal properties Air Water(ref) Concrete 

Cp  Specific heat in (J.Kg-1.K-1) 1006 4182 880 

  Density in (Kg.m-3) 1,177 1000 2000 

  Dynamic viscosity in (Kg.m-1.s-1) 1,85.10-5 10-3 - 

  Kinematic viscosity in (m2.s-1) 1,75.10-5 10-6 - 

  Thermal conductivity in (W.m-1.K-1) 0,0262 0,597 1,75 

Pr  Number of Prandtl 0,708 7,01 - 
 

The constants used for numerical resolution of the problem studied are [13]; 
 Heat exchange coefficient: hc=8,12 W.m-2 .k-1; 
 Ambient air temperature: Tair=28°C ; 
 Fluid inlet temperature: Te = 60 ° C; 
 Reynolds number: Re = 500; 
 Step time of time: Δt = 10s. 
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Fig.4. Flowchart of the numerical modeling of fluid-structure thermal coupling. 

The data of the calculation grid in the two fluid-structure subdomains are presented in 
Table 3: 

Table. 3. Calculation grid data in the fluid-structure domain. 
 Length (m) Height (mm) NI J NK ∆X ∆Y Time step ∆t (s) 

Fluid 
1 

20 101 41 - 
10-2 

5x10-4 
10 

Structure 10 101 - 81 1,25x10-3 
NI Node indices on the x-axis of the two calculation domains. 
NJ Node indices on the y-axis of the fluid domain. 
NK Node indices on the y-axis of the solid domain. 
∆X Step space on the x-axis of the two calculation domains. 
∆Y Step space on the y-axis of the two calculation domains. 
∆t Calculation increment time. 

8. RESULTS AND DISCUSSIONS 

8.1. Validation of the numerical model 

Figure 5 shows the temperature evolution of a point on the slab upper surface as a 
function of time. It is noted that there is an acceptable agreement between the results 
obtained by the developed model and those of Andreo and al [13], so Mokhtari and al [14] 
with relative errors equal to 5,04% and 1,77% respectively. 
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Fig.5. Evolution of the temperature profile at a point in the slab medium as a function of the overall time. 

8.2. Evolution of the concrete slab temperature according to the spacing step 

Figure 6 shows the variation in the heating slab temperature as a function of the space 
pitch ratio for four times. This variation has been highlighted for three different positions in 
the system (at the inlet, the medium and at the outlet). We can notice that: 

 The evolution of thermal diffusion in the concrete slab is almost similar for the three 
positions considered (inlet, medium and outlet); 

 There is a remarkable temperature difference between the positions in the system for 
the four selected global calculation times;  

 For a ratio of space varying between 0 and 0.12 with a fluid inlet temperature in the 
pipe at 60°C, the heat propagation in the solid decreases almost to temperature values 
(in the medium) of about 38°C for t = 3600s (Fig. 6.a), 47°C for t = 10800s (Fig. 6.b), 
48°C for t = 14400s (Fig. 6.c) and 49°C for t = 43200s (Fig. 6.d). 
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Fig.6. Comparison between the three profiles (input, medium and output) of the temperature as a function 

of the slab space pitch ratio for (a) t = 3600s, (b) t = 10800s, (c) t = 14400s and (d) t = 43200s 

8.3. Evolution of the system temperature for different thicknesses of the slab 

Figure 7 illustrates the change in temperature in the medium slab as a function of time for 
different thicknesses of the concrete top layer. It is clear that the heat propagation in the slab 
decreases considerably with the increase in the thickness of the upper layer the concrete. 
That is to say, when the concrete thickness is decreased (for example 10 cm), the evolution 
of the temperature increases rapidly as a function of time and vice versa. In other words, the 
heat diffusion in the room will be even lower than the concrete mass is important. 

 
Fig.7. Evolution of the temperature profile in the slab as a function of time for different thicknesses of the 

concrete 

8.4. Effect of variation of the convective exchange coefficient with the ambient air 

Figure 8 shows the evolution of heating slab temperature as a function of time for 
different convective coefficients with ambient air. It can be observed that when the value of 
the convective exchange coefficient increases, the thermal diffusion increases slightly and 
vice versa. It should also be noted that the variation for convective exchange coefficient with 
ambient air has a notable influence on the thermal diffusion of heat within the heating slab. 
In addition, we will note that the evolution of the temperature will start from 28°C, the 
atmosphere temperature , and it will increase over time to the highest value around 60°C, 
which is the temperature at which the fluid inlet the slab pipe. 
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Fig.8. Evolution of the heating slab temperature as a function of time for different convective coefficients 

with ambient air 

8.5. Evolution of the velocity profile of the fluid in the pipeline 

The evolution of fluid velocity within the pipe as a function of the space step for different 
Reynolds numbers is illustrated in Figure 9. In this figure, it can be seen that the shape of the 
fluid velocity profile in the pipe is parabolic. In addition, it keeps the same shape, but its 
maximum value increases with the increase in the number of Reynolds or it reaches a 
maximum value equal to 0,0175m/s for Re = 800. This evolution shows that the variation 
influence of the Reynolds number on the fluid flow is important. 
 

 
Fig. 9. Profiles of fluid velocities within the pipe versus space step for different Reynolds numbers 

9. CONCLUSION 

The objective of this digital study is the adaptation of a numerical methodology in order 
to be able to control and characterize the thermal exchanges within a heating slab intended 
for heating by the ground. In fact, we analyzed the temperature evolution at the inlet, 
medium and outlet of the system according to the space step. In addition, we analyzed the 
evolution of the slab temperature for different thicknesses of the concrete and also the effect 
of variation of the convective exchange coefficient with the ambient air on the surface 
temperature of the slab. On the other hand, we have highlighted the effect of the Reynolds 
number variation on the evolution of the fluid velocity profile in the pipe. 

The validity of this numerical approach is confirmed based on the work done by Mokhtari 
and Andreo. The methodology we have presented makes it possible to analyses the thermal 
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transient phase over very short periods of time using the current numerical model of fluid-
structure thermal coupling. 
 

Nomenclature 
Cp  Heat capacity. 11 ..  KmW  
d  Pipe diameter. m  
Ep  Concrete thickness. m  

hc  Convective coefficient with ambient air. 12 ..  KmW  

0
h  Convective coefficient reference. 12 ..  KmW  

I  Index of the abscissa axis incrementation. - 

L  Pipe length. m  

J  Index of the ordinate axis incrementation in the fluid domain. - 
k  Increment index of the y-axis in the solid domain. - 

Pr Number of Prandtl. - 

f
P  Fluid pressure. Pas  

s
  The internal heat quantity. 2. mW  

Re Number of Reynolds. - 

air
T  Air temperature. K  

e
T  Inlet temperature of the fluid in the pipe. K  

milieu
T  Temperature in the slab middle. K  

entrée
T  Temperature at the pipe entrance. K  

sortie
T

 
Temperature at the pipe outlet. K  

*T  Dimensional temperature. - 

f
T  Fluid temperature. K  

b
T  Concrete temperature. K  

t  Time. s  

0
U          Initial longitudinal velocity of the fluid. 1. sm  

*U  Dimensional longitudinal velocity of the fluid. - 

f
V  Initial transverse velocity of the fluid. 1. sm  

*V  Initial transverse velocity of the fluid. - 
y Directional normal of the fluid diffusivity. - 
Greek symbols 
  Thermal conductivity. 11 ..  KmW  

a  Report between of the fluid thermal conductivity and the solid. - 

  Dynamic viscosity of the fluid. 
11..
 SmKg  

  Volumic mass. 3. mKg  
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